Proof of the BMV Conjecture 

Herbert R Stahl 

Cy^ ' Abstract. We prove the BMV (Bessis, Moussa, Villani, [l]) conjecture, which 

fSJ 1 states that the function t i— > Tr exp{A — tB), i > 0, is the Laplace transform 

of a positive measure on [0, oo) if A and B are n X n Hermitian matrices and 

B is positive semidefinite. 

^-j ; 
in 

(N 

1. Introduction 

^- ■ 1.1. The Conjecture. Let A and B be two n x n Hermitian matrices 

r ) ', and let B be positive semidefinite. In [1] it has been conjectured that under these 

assumptions the function 

f{t):^Tre^''^, i > 0, (1.1) 

can be represented as a Laplace transform 

/(t)= f e-'^dfiA.Bis) (1.2) 






^ ' of a positive measure fJ,A,B on K_|_ — [0,cxd). In the present article we prove this 

[l^ , conjecture from 1975 and give a semi-explicit expression for the measure fJ.A,B (cf., 

^; Theorem [Hand El below). 

^b . Over the years different approaches and techniques have been tested for prov- 

• I ing the conjecture. Surveys are contained in |15j and [7]- Recent publications are 

^— V . typically concerned with techniques from non-communitative algebra and combi- 

natorics ([8], [10], [6], [9], [7], dH, [12], [2], [5]). This direction of research has 
been opened by a reformulation of the conjecture in |13j . Although our approach 
will follow a different line of analysis, we nevertheless repeat the main assertions 
from [13] in the next as points of reference for discussions. 

5^ ■ 1.2. Reformulations of the Conjecture. 

C^ ' 

Definition 1. A function f £ C°°(K+) is called completely monotonic if 

(-l)'"/(™)(i) >0 for all men and t e^+. 

By Bernstein's theorem about completely monotonic functions (cf., [3^ or |19l 
Chapter IV]) this property is equivalent to the existence of the Laplace transform 
(|1.2p with a positive measure on R+. In this way, Definition [Tj gives a first refor- 
mulation of the BMV conjecture. 

In |13j two other reformulations have been proved. It has been shown that the 
conjecture is equivalent to each of the following two assertions: 
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(i) Let A and B be two positive semidefinite Hermitian matrices. For each 
m £ N the polynomial 1 1— > Tr{A+tBy^ has only non-negative coefficients, 
(ii) Let A be a positive definite and B a positive semidefinite Hermitian ma- 
trix. For each p > the function t i— >■ Tr{A + tB)^^ is the Laplace 
transform of a positive measure on M+ . 
Especially, reformulation (i) has paved the way for extensive research activ- 
ities with tools from non-commutative algebra, several of the papers have been 
mentioned earlier. The parameter m in assertion (i) brings in a new and discrete 
gradation to the problem. Presently, assertion (i) has been proved for m < 13 
(cf., [9], [llj V The BMV-conjecture itself is apparently still unproven, even for the 
general case of matrices with a dimension as low as n = 3. 

In [13) one also finds a short review of the relevance of the BMV conjecture in 
mathematical physics, the area from which the problem has arisen originally. 

Among the earlier investigations of the conjecture, especially |14j has been very 
impressive and fascinating for the author. There, already in 1976, the conjecture 
has been proved for a rather broad class of matrices, including the two groups of 
examples with explicit solutions that we will state next. 

1.3. Two Groups of Examples with Explicit Solutions. 

1.3.1. Commuting Matrices A and B. If the two matrices A and B com- 
mute, then they can be diagonalized simultaneously, and consequently the BMV 
conjecture becomes solvable rather easily; the measure fiA b in (|1.2p is then given 

by 

n 

with ai, . . . , On and &i, . . . , 6„ the eigenvalues of the two matrices A and B, respec- 
tively, and 6x the Dirac measure at the point x. Indeed, the trace of a matrix M 
is invariant under similarity transformations M i— >■ T MT^^. Therefore, we can 
assume without loss of generality that A and B are given in diagonal form, and 
measure (|1.3p follows immediately. 

1.3.2. Matrices of Dimension n = 2. We consider 2 x 2 Hermitian matrices 
A and B with B being assumed to be positive semidefinite. In order to keep 
notations simple, we assume B to be given in diagonal form B — diag(6i, 62) with 
< 61 < 62, which can be done without loss of generality. 

If 61 — b2, then, without loss of generality, also the matrix A can be assumed to 
be given in diagonal form, and the case is therefore covered by (|1.3p . Consequently, 
we have to consider only the situation that 

v4=f-" "^0' ^-f /? V 0<&i<62<oo. (1.4) 

\ ai2 a22 J \ 02 J ' 

Proposition 1. // the matrices A and B are given by (|j.^[ ), then the function 
t >-^ Tr exp(A — tB), t e K+, in il.l\) can be represented as a Laplace transform 
il.SI\) with the positive measure 

d^iAMil^) = e'^^'dSbAt) + e'^^'dSb^it) + WA^B{t)x(t,M)i't)dt, t e M+, (1.5) 

where X(hi,fc2) denotes the characteristic function of the interval (61,62), 0,'rid the 
density function wa,b is given by 

u^ 4 f aii{b2 ' t) + a22{t - bi)\ 

^■4,B i = 77 j-^— exp X 1.6 

(62-Oi)7r V 62 -oi / 



2I 



bi-2t 



cos ( — u ) sinh ( v |fli2p — u'^) du 
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for bi < t < 62 . This density function is positive for all bi < i < 62 • 

Proposition[T]will be proved in Section[71 further below. Also in [14] , an explicit 
solution has been given for dimension n = 2, but there the density function looks 
rather different from p. 61) . However, it has the advantage that its positivity can 
be recognized immediately, while in case of (II. 6p a nontrivial proof of positivity is 
required (cf.. Subsection 17. 2p . 

1.4. The Main Result. We shall prove two theorems. In the first one 

it is practically only proved that the BMV-conjecture is true, while in the second 
one we give a semi-explicit representation for the positive measure fiA.B in the 
Laplace transform (jl.3p . In many respects this second theorem is a generalization 
of Proposition [T] 

Theorem 1. If A and B are two Hermitian matrices with B being positive semi- 
definite, then there uniquely exists a positive measure ha,b on [0, cx)) such that il.3\) 
holds for t > 0. In other words: the BMV-conjecture holds true. 

For the formulation of the second theorem we need some preparations. 

Lemma 1. Let A and B be the two matrices from Theorem]^ Then there exists 
an unitary matrix Tq such that the transformed matrices A — (Snj) := T^AT^ and 
B := TqBTq satisfy 

B = diag(bl,...,bn^ with 0<5i<...<5„, (1.7) 

and 

ciij = for all i, j — 1, . . . ,n,i ^ j with bi~bj. (1-8) 

Proof. The existence of an unitary matrix Tq such that (|1.7p holds is guar- 
anteed by the assumption that B is Hermitian. If all bj are pair-wise different, 
then requirement (|1.8p is void. If however several bj are identical, then one can 
rotate the corresponding subspaces in such a way that besides of (|1.7p also (11. 8p is 
satisfied. D 

Since the matrix A ^ tB is Hermitian for each t G M+ , there exists an unitary 
matrix Ti = Ti (t) such that 

T*{A -tB)Ti = diag (Ai(<), . . . , A„(t)) . (1.9) 

The n functions Ai , . . . , A„ in (|1.9p are restrictions to M-i- of branches of the solution 
A of the polynomial equation 

g{XA):^dct{\I -{A-tB))^0, (1.10) 

i.e., Aj, J = l,...,n, is a branch of the solution A if the pair (A,i) = {Xj{t),t) 
satisfies p.lOp for each t G C The solution A is an algebraic function of degree n 
if the polynomial g{X,t) is irreducible, and it consists of several algebraic functions 
otherwise. In the most extreme situation, the polynomial g{X,t) can be factorized 
in n linear factors, and this is exactly the case when the two matrices A and B 
commute, as it has been discussed in Subsection 11.3.11 

In any case, the solution A of (|1.10p a multivalued function over C, and the 
total number of different branches Xj, j = l,...,n, is always exactly n. In the 
next lemma, properties of the functions Aj, j = 1, . . . , n, are assembled, which are 
relevant for the formulation of Theorem [51 The lemma will be proved in a wider 
context as a special case of Lemma [6| in Section [3] 
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Lemma 2. There exist n different branches \j, j ^ 1, . . . ,n, of the solution A of 
\1.10]) . Each one can he assumed to he analytic in a punctured neighborhood of 
infinity, none of them has a hranch point at infinity, and they can he numbered in 
such a way that we have 

\j{t) ^aj.j~hjt+ 0{l/t) as t ^ oo, j^l,...,n, (l-H) 

where the coefficients ajj, bj, j = 1, . . . ,n, are elements from the matrices A and B 
introduced in Lemma{^ 

With Lemma [1] and [2] we are ready to formulate the second theorem. 

Theorem 2. For the measure fiA.B in hl.3\) we have the representation 

n 

dfiA,B{t) = Y,e^"dS-^^{t)+WA^B{t)dt, teR+, (1.12) 

with a density function wa.b that can he represented as 



WA,B 



(*) ^ E^/ ^^^■^^^^*'^'^C, for teR+, (1.13) 



b,<t 



or equivalently as 

WA.sit) = -Y.r-f ^^'^^^^'^'^'^' ^°^ *^^+' (^-14) 



2'Ki J (J . 

bj>t ' 

where each integration path Cj is a positively oriented, rectifiahle Jordan curve in 
C with the property that the responding function Xj is analytic on and outside of 
Cj. The values Ojj, bj, j = l,...,n, have been introduced in Lemma{^ and the 
functions Xj , j — 1, . . . ,n, in Lemma\^ 

The measure pLA.B is positive, of hounded variation, and we have 

supp(^a,b) C [6i,6„]. (1-15) 

Obviously, the non-negativity of the density function wa,b is not evident prima 
vista from representation (|1.13p or (|1.14[) . The proof of the non- negativity of wa,b 
win be the main topic of Section [6l 

The semi-exphcit representation of the measure i^a.b in Theorem [2] is decisive 
for the strategy for our proof of the BMV conjecture, but it probably possesses also 
independent value. In any case, it already conveys some ideas about the nature of 
the solution, and its structure gives also hints with respect to the analysis used in 
the proof. 

1.5. Outline of the Proofs. Theorem [T] and [2] will be proved in parallel, 

and the preparation of this proof will fill the greater part of the remainder of the 
paper, only the last section is reserved for a proof of Proposition[TJ Since the general 
structure of the approach may easily get lost in technical details, we will give an 
overview over the specific aims at the different stages in the present somewhat 
extended outline. 

1.5.1. Section\Bi Technical Assumptions. In Section [2] we introduce two 

technical assumptions that will simplify the analysis at many places, and they will 
be effective until Sectional i.e., they will be effective throughout the whole analysis 
that is needed for the proof of Theorem [1] and [2l In the first one (Assumption 1 in 
Section [21) it is assumed that the matrices A and B are already given in the form 
that is derived in (|1.7p and (|1.8p of Lemma[T]by a similarity transformation. In the 
second one (Assumption 2 in Section [5]) it is assumed that the matrix B is positive 



PROOF OF THE BMV CONJECTURE 5 

definite. Both assumptions do not limit the generahty of the proof of Theorem [1] 
and m (of . , Lemma [3] in Section [2]) . 

1.5.2. Section\^' Integral Representations. In Section [3] the solution A of 

the polynomial equation (jl.lOl) and the solution r of another polynomial equation 
will be studied with the aim to collect enough knowledge so that at the end of 
the section a simple-structured integral representation for the function / from (|l.ip 
and, most importantly, also for its higher derivatives f^'^', k — 1,2,..., can be 
derived. 

The solution A of (ll.lOp is a multivalued function defined over C If the poly- 
nomial g{X, t) in (|1.10l) is irreducible, then A is an algebraic function of order n. 
Otherwise, it consists of several algebraic functions, and the total order of these 
functions is again n. In each case, A possesses exactly n branches \j, j — 1, . . . , n, 
which can be chosen in such a way that the properties listed in Lemma [2] are sat- 
isfied. Since Assumption 1 from Section [5] will be effective in Sections |3] through [HI 
we have 

Ujj — ajj and bj = bj for j = l,...,n, (1-16) 

and relation (|l.lip in Lemma [2] will take the form 

Xj[t) = ajj - bjt + O (1/t) as t -^ oo for j = 1, . . . , n (1-17) 

(cf.. Lemma 131 [5l and [5] in Section [3]). 

For each t e M+, the values Ai(t), . . . , A„(t) are the n eigenvalues of the Her- 
mitian matrix A^ t B, and as a consequence we shall get the representation 

n 

/(t)=rre'^~*^=^e^^(*), t e M+, (1.18) 

for the function / from (jl.ip . and (ll.lSp will be extended to alH e C (cf.. Lemma 
min Section [3]). 

From (11.181) we shall then derive the representation 

^W-i//^E^ fo^- ^^^. (1-19) 

with r being a Hankel contour C\M_ that satisfies the two conditions 

(a): Aj(M+) C Int(r) for each j = 1, . . . , n, 

(b): \j is analytic in Ext(r) for each j — 1, . . . ,n. 

(cf.. Lemma [T31 in Section [31 and Definition JH for a description of Hankel contours). 
It is always possible to find such a Hankel contour F since each function Xj, j = 
1, . . . , n, is assumed to be analytic in a puncture neighborhood of infinity. 

In the course of our analysis in Section [5l we shall use the Koch-Widder in- 
version formula for Laplace transforms, and this tool requires a representation of 
the derivatives f^^ for arbitrary large A; S N. Derivatives of (11.19^ become too 
complicated to be useful for large k. In order to overcome this conceptual weak- 
ness of representation (|1.19l) . we shall, in addition to equation (|1.10p . consider the 
polynomial equation 

g(r,z) := Aetir I - {A- zB)\ ^ (1.20) 

with A := B~^/'^AB~^/^ and B := B^^, and derive an alternative representation 
for /. The two new matrices share all relevant properties of the matrices A and B. 
For instance, both are Hermitian, and the Assumptions 1 and 2 from Section [5] are 
satisfied if they are satisfied by the original matrices A and B. 
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Like the solution A of equation (ll.lOp . so also the solution r of equation (|1.20p 
is a multivalued functions with n branches tj, j — 1, . . . ,n. These branches can be 
chosen to be analytic in a punctured neighborhood of infinity, and at infinity we 
have 

rj.(z) = ^- — z + 0(l/z) asz^oo (1.21) 



-^3 3 



as an analogue to (|1.17p (cf., Lemma [TT] in Section [3|). Moreover, there exist two 
open neighborhoods U\,Ur d C oi infinity in which the inverse relations 

Xj{t)^T-\t) for teUx and tj{z) = Xj\z) for z e Ur (1.22) 

hold true (cf.. Lemma ll 21 in Section |3]). With the n functions tj, j — 1, . . . , n, we 
shall then derive representation 

where again F is an appropriately chosen Hankel contour (cf.. Lemma [T3l in Section 
[S]). In contrast to representation (jl.191) . we now have a rather transparent depen- 
dence on t, and thanks to that we shall get a nice and manageable representation 
for Z''^-'. We shall prove that 

^(fc)(^)^(fc_i)! /•^C^ .,f ^., for teR+ and fc = l,2,... (1.23) 

(cf.. Lemma [Ml in Section [3]). The integration part F in (|1.23[) has to be a Hankel 
contour that satisfies 

(a'): Tj(M+) C Int(F) for each j = 1, . . . , n, 

(b'): Tj is analytic in Ext(F) for each j — 1, . . . ,n. 

(cf.. Lemma [HI in Section [3|). With the derivation of formula (|1.23p the main aim 
of the analysis in Section [3] will be accomplished. 

1.5.3. Section[^ Asymptotic Approximations. The principal aim of the 

analysis in Section 2] will be to prove the asymptotic approximation 



f"->(fl = ((-l)' + 0(t-'"))t!(|) 



1 " h 






as fc ^- cx) and t > (1-24) 



with an error term 0(fc^^/^) that holds uniformly for all i > (cf.. Proposition [5] 
in SectionH]). By ip we denote the function ipiz) := ze^~^, by Xj, j = 1, . . . , n, the 
n branches of the solution A of equation (ll.lOp with the properties listed in Lemma 
[5] (see also Definition [5] in Section [3]), and by Cj, j — 1,. . . ,n, positively oriented 
Jordan curves chosen in such a way that in each case the corresponding function 
Xj is analytic on and in the exterior of Cj . 

In Section [51 estimate (jl.24p will be a key ingredient in the Koch-Widder in- 
version formula for Laplace transforms, which then leads to a proof of the represen- 
tations (|1.12p through (|1.14l) in Theorem [5] for the measure iia,b- The expression 
in the first line of (|1.24l) will lead to the discrete component of the measure ij,a,b, 
and the expression in the second line to the continuous one. 
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The proof of (|1.24p will start from (|1.23p . which yields 

,.)4,., _,.,._, :(i)'g_L/^.<_|L_ ,,.., 

with Tj, j = l,...,n, the n branches of the solution r of equation (|1.20p (cf., 
Definition [3] in Section [3]) , and F a Hankel contour with properties as stated after 

CM- 

Next, we shall apply the variable substitution 

C,^k—z + ajj, j ^l,...,n, 



in the n integrals in (jl.25p . which leads to 

fW{'l) = {-l)>'{k-iy.fi\ ^fe,e«-/i^,(j,t) as A^cx) (1.26) 



with Ii,kij,t) an abbreviation for the integral 



2TTi Jr (1 - ■|Tj(fc^ z + a,,))'^ 27ri 7r (1 + z + i±0(k'W 

(1.27) 
j = 1, . . . , n, i > 0, and fc G N. The second equality in (|1.27p follows from (|1.21L 
and the error term 0(fc~^) in (I1.27P holds for k —> oo. More details will be given 
in Section 13] since the asymptotic approximation of Ii^j^t) for k ^ oo will be the 
core piece of the proof of p.24p . and it will demand most of the work in Section |21 
It will be shown that 

^ *i^{^f- (1.28) 



hAj^t) = (i + o(fc-i/4)) 



t" -a 1 

-e " — 

'j 2771 Jc 



-^(-^■)W¥5-^""^-2^1^^^'^^"^^^ 



as fc -> 



oo. 



with j = 1,. . . ,n and an error term 0(fc~^'^) that holds uniformly for i > (cf., 
Lemma [H] in Section 2]) . The objects Xj , Cj , and V' in (|1.28D are the same as in 
(ll.24p . When (jl.28p will be proved, then (jl.24p follows rather immediately from 
(IL28)) together with (fOB)) . 

The proof of (|1.28p is very technical, and our discussion in the present preview 
is limited to the basic ideas in a slightly simplified setup. We consider only the two 
cases 

Case (i): t > bj, (1.29) 

Case (ii): < t < bj 

with j a fixed element of { 1 , . . . , n } . 
Case (i): The integral 

1 f ^ dz 

is a simplified version of Ii^k{j,t), and in Section Slit will be analyzed as a model 
problem for the approximation of /i_fe(j, i). With the saddle point method and 
Sterling's formula it follows that 

/o,fc(j,t) = ^i=^V(^)Ml + 0(^'"')) as k^^ (1.31) 

V2t: kbj t 
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for j = l,...,n and t > (cf., Lemma [T71 in Section 2]). In the saddle point 
method we have used the path of steepest descent with respect to the modulus of 
the integrand in /o,fc(j, t). This path is given by 

Tqj : z{u) :— — u cot u— 1 + i — u, mG (— tt, tt) (1-32) 

(cf., (J4.24I) and Lemma [T8l in Section |4]), and the integrand in (jl.30p possesses only 
one single saddle point at 

xoj = 7 1 (1.33) 

(cf., (|4.23p V Both integrals Ii,k{j,t) and Io,k{j,t) will be compared along the 
integration path Tqj. 

Because of the assumption t > bj, we have xqj > 0, and therefore we can deduce 
from (jl.32p that the transformed function Tj{k-^{ ' ) + Ojj) is analytic in Ext(roj) 
for j = 1, . . . ,n and k sufficiently large, which implies that Foj- is an admissible 
integration path in the integral /i,fc(j, t) from (|1.27|) (cf., the first paragraph in Case 
(a) in Subsection 14. 4p . Uniformly for z G Tqj we have 



■l^tr,{k'fz + a,,)\ /l + ^ + £0(fc-2) 



l+z / \ 1 



I = l + 0(fc-i) (1.34) 



as fc — > oo (cf.. Lemma [inland assertion (iii) of Lemma HH in Section 0]), which will 
imply that 



h,kU^t) = 



1 /■ e'^ t ^ dz 

2^ 7ro„ (l^ir,(fc^z + «,,))'= 



2-Ki 7ro,, (1 + z)'= \ l + z 

/o,fe(j,i) (l + 0(fc"^)) as fc ^ oo. 



-fc 

dz (1.35) 



(cf., (|434)) in Section HI), and estimate (fr28| follows from (fOS)) and (fOTj) for any 
fixed t > bj with an error term 0(fc~^), which concludes our discussion of case (i). 
We add that in Section U the integral /i,fc(j,i) itself will not be approximated 
by the saddle point method. This method will only be applied to the integral 
/o,fc(j, i), and estimate (jl.35p will then follow from a comparison of both integrals 
along the path Tqj- An application of the saddle point method directly to the 
integral h.kij, t) would be rather complicated and perhaps a hopeless undertaking. 

Case (ii): The condition < t < bj implies that xq.j < 0, and consequently, in 
this case, the origin lies in the exterior of Foj (cf.. Lemma [T51 in Section S]), which 
implies that Fqj is no longer admissible as an integration path in the integral 
Ii,k{j, t) from (|1.27p . Indeed, all branch points of the expression 1 — |:rj(fc-^( • ) + 
Qjj) cluster at the origin as fc — > oo, and any admissible integration path F has 
therefore to encircle the origin. Such a path is given by 

Fi J- :— Fqj- U Co,j 

if fc is sufficiently large, Fqj the Hankel contour from (|1.32l) . and Cqj a small, 
positively oriented circle around the origin that is fully contained in the exterior of 
Fqj. With the path Fij we shall introduce the two integrals l2.kij,t) and l3,kij,t) 
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by 



/^ ,(j;i) ^— f ^-Hil^ (1.36) 



1 

2Td 



=■■ hAJ^t) + h.kiht). 



For the integral l2.kij, t) we shall get an identical type of approximation along 
To J as it has been discussed before in case (i). Analogously to (|1.35p . we then have 

/2,fc(j, i)=^.fc(i,0 (l + 0(A:-i)) as A: -> oo. (1.37) 

For the integral /3,fe(j,i), on the other hand, one will get the approximation 

/3,fc(j,i) = TT-. -—n— f e''+*^^f''MC as fc -> oo 

Zm k bj J 

after several transformations (cf., the analysis from (j4.6ip through (j4.62p in Section 
3]) , and by a further transformation, in which we shall use the inverse relations (jl.22p 
between Xj and r^, j = 1, . . . , n, we shall get the asymptotic approximation 

hkU,t) = '^^'^^^ ^ /, e^°^^ / e^^<"^+*"du as k ^ oo. (1.38) 

2tti kbj Jc'. 

(cf., formula (j4.63p in Section 2]). 

After these preparations, estimate (I1.28P will follow from (jl.37p and (jl.38p 
together with (|1.36p and (ll.3ip for < t < bj fixed, which concludes our discussion 
of case (ii). 

The sketch of a proof of (|1.28p guarantees only point-wise error estimates. In 
order to get uniformity with respect to i > 0, a more refined strategy will be followed 
in Section|21 For instance, in a neighborhood oit — bj, two additional subcases will 
be studied (cf., (j4.52p in Section 14]). Because of the more refined strategy, it will, 
however, only be possible to prove an error estimate of order k^^^^, instead of fc^^, 
as it has been done in (jl.35p . (jl.37p . and (jl.38p for our pointwise approach. The 
necessary refinements of the analysis are the cause for the rather technical character 
of several lemmas and proofs in Section 21 

1.5.4. Section\^' Inversion of the Laplace Transform. In Section[5]we shall 

prove the representations (|1.12p through (|1.14p in Theorem[2]for the measure ha.b 
with the help of the Post-Widder inversion formula for Laplace transforms, which 
is a tool for recovering a function if or a measure /i from their Laplace transform 
£{(p) or £(/i), respectively, (cf. |16) . |18) . |19l Chapter VII]). This technique is 
perhaps best known for the special case of a Laplace transform F = C{ip) of a 
piecewise continues, integrable function ip on R+. In this case it states that 

for each t > where ip is continuous (cf., Proposition[3]in Section[5j where, however, 
we have given a slightly more general formulation, in which ip is only assumed to 
be integrable and not piecewise continuous). 

For the proof of the representations (I1.12p through (I1.14p in Theorem [5] we 
shall need a more general version of the Post-Widder inversion formula than that 
given in (jl.39p . In our situation, the formula has to cover the case of a Laplace 
transform £(/i) of an arbitrary measure fj, on K_|_ of bounded variation (cf.. Theorem 
|3]in Section [5]). Further, we will also addresse the problem of existence of such a 
measure (cf.. Theorem [3] in Section [S|). For the convenience of the reader we shall 
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assemble in Subsection 15.11 all results connected with the Post-Widder inversion 
formula that will be needed in the subsequent analysis. As general reference we use 
the book [19] by David V. Widder. 

The asymptotic approximation (|1.24l) of the expression /('^' {k/t) for fc — >■ cx) 
of the function / from p. ID will be the starting point for the proof of the repre- 
sentations (J1.12p through (|1.14p . In Subsection 15.31 it will then be shown that the 
expression in the first line of (|1.24p leads to the discrete component of the measure 
IJ-A.B (cf., Lemma [23] in Section [S]), and the expression in the second line leads to 
the representations (|1.13p and (|1.14p of the density function 'wa,b in the measure 
MA,s (cf., Lemma [25] in Section [5]). 

While the positivity of the discrete component of the measure pla.b is immedi- 
ately obvious from representation (J1.12p . the non- negativity of the density function 
demands a nontrivial proof that will be given in Section [B] 

In Section[5]we shall also prove the existence of a measure /iyi,s in p.2p . Such a 
proof is not really necessary since existence has already been proved in [14 , and the 
argumentation from there has been repeated in [15'. However, the whole approach 
in both publications is rather different from that in the present paper, and since 
most of the analysis that is needed for a proof of existence along the lines of the 
Post-Widder inversion formula has to be done anyhow, we will, in Subsection 15.21 
include a new proof for the sake of completeness and a methodological homogeneity 
of our investigations. 

1.5.5. Section\Bi Proof of Positivity. In Section [S] we shall, at last, prove 

that the measure /i^.s is positive. The representations (11.121) through (|1.14p in 
Theorem [2] will play a key role in this proof. The positivity of the discrete compo- 
nent 

n n 

d/Zd := I]e^",5^^. = ^e'^^dtJfc^- (1.40) 

of the measure ha,b is obvious. Consequently, the essential part of a proof of 
positivity will be to show that the density function 'wa,b in (|1.13p is non-negative. 

In a first step, the non-negativity of wa,b will be proved under the additional 
assumption that the polynomial g{X,t) in p.lOp is irreducible (cf.. Assumption 3 
in Subsection 16. ip . Later in Subsection 16.41 it will be shown that this additional 
assumption can be made superfluous. 

In the preview of Section [2] it has already been mentioned that if g{X,t) is 
irreducible, then the solution A of equation p.lOp is an algebraic function of degree 
n with the compact Riemann surface TZx as its natural domain of definition and 
canonical projection tt\ : TZ\ — > C It also has been mentioned there before 
p.l7p that the n branches Aj, j = 1, . . . , n, of A can be assumed to be analytic in a 
punctured neighborhood of infinity. Because of this last assumption, it is possible to 
assume that in representation (|1.13p of wa,b all integration paths Cj, j — 1, . . . , n, 
can be chosen to be identical, i.e., we have Cj = C for j = 1, . . . , n with C C C a 
smooth Jordan curve that contains all singularities of the functions Aj, j = 1, . . . , n, 
in its interior. By Cj C TZ\, j — 1, . . . ,n, we denote the n components of the lifting 
7r^^(C) of the curve of C onto TZx, which indeed consists of n disjoint, oriented 
Jordan curves (cf., the proof of Proposition [H] in Subsection 16. 3p . 

A main element of the proof of positivity will be to show that for each t £ 
{hi, 6/+i) with / G {1, . . . , n — 1}, there exists a chain 7 = 71 + • • • + 7/< of finitely 
many closed, piece-wise analytic integration paths on TZ\ such that 

Ime^('^)+*^^(^' = for aU ( e 7 C 7^A, (1.41) 
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— /e^('^)+*''^('^)dC < 0, and (1.42) 

^(f ^ e^(^)+*-^(«dC = (1.43) 

2771 J^_^.c^ + ...+Ci 

(cf., Proposition [5] in Section [5]). It is obvious that relation (J1.41D determines 
the properties of the curves in the chain 7 (cf., Lemma [26] in Section [BJ. The 
proof of inequahty (jl.421) wih be based on properties of the harmonic functions 
Im(A + t7rA) and Ke{X + tTrx) on 7 (cf., Lemma E71 in SectionlHl), and identity (|1.43p 
is a consequence of the fact that the chain 7 + Ci + • • • + C/ is the positively oriented 
contour ODq of an open set Dq C TZx in which all Xj, j ~ 1, . . . ,n, are analytic (cf., 
the argumentation after (j6. 181) 1. Since we have 

A(C) - XjiTTxiO) for CeQ, j = l,...,n, 
we deduce for each t e (6/, 5/+i) that 

1 



E ^ / e^^(^)-CrfC ^jzhi -'^'''^''dC (1-44) 



bi<t "^i j=l -"^i 



= A(C)+t7r;,(C) 



27r« ./ci+---+C/ 



dC,. 



With (fOSI) . (IL43)) . (fOit . and representation (fTTSl) in Theorem [21 we will then 
have proved that 

wa,b(0 > for all i G [61, 6„] \{6i, . . . , &„}. (1.45) 

(cf., the argumentation in the Proof of Theorem [1] and [2] under Assumption 3, in 
Subsection 16. 3p . With (I1.45P we will have complete the proof of positivity of the 
measure ii.A,B under the additional Assumption 3 from Subsection 16. II 

In Subsection l6.3[ it will also be shown that Assumption 3 from Subsection 16. II 
implies that instead of (|1.15p in Theorem [5] we have the likely stronger relation 

supp(^a,b) = [6l,&«] = [&l,&n] 

(cf.. Lemma [25] in Section [5]), which will not hold true in general. 

So far, all considerations have been done under the additional assumption that 
the polynomial g{X,t) in (jl.lOp is irreducible. In Subsection 16.41 the proof of posi- 
tivity will then be extended to the general situation by using the fact that without 
the assumption of irreducibility, the solution A of equation (ll.lOp consists of sev- 
eral algebraic functions An), I = l,...,m, and the analysis for a single algebraic 
function A can be carried over to the individual functions Xn\ (cf., Subsection l6.4p . 

With the analysis in Subsection l6.4[ the proof of Theorem [1] and [2] and thereby 
also the proof of the BMV conjecture will finally be completed. 

1.5.6. Section[^ Proof of Proposition]^ In the last section we shall prove 

Proposition [l] which is a special case of Theorem [1] and [2] for n = 2. However, 
representation (II. 6p for the density function wAjB is much more explicit than the 
representations (|1.13p and (|1.14p in Theorem [2] and the difference requires a proof. 
In Subsection 17.31 we shall also compare representation (11.61) in Proposition [T] with 
a corresponding result in [14] . 
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2. Technical Assumptions 

We make the following two technical assumptions that are assumed to be 
satisfied throughout all steps of the proof of Theorem [T] and [2] 

Assumption 1. It is assumed in Section\^through\^that 

B = diag (&i, . . . , &„) with < 6i < • • • < ^n < oo, and (2-1) 

a.y — for all i, j — 1, . . . ,n,i ^ j with 6, = bj , (2-2) 

i.e., the matrices A and B are assumed to be given in the form ( |j.?| ) and U.8\} of 
Lemma\^ 

Assumption 2. It is assumed in Section\^through\^that 

< bi < ... < bn, (2.3) 

i.e., the matrix B is assumed to be positive definite. 

Lemma 3. The Assumptions 1 and 2 do not limit the generality of the proof of 
Theorem]^ and\^ 

Proof. In Lemma [1] it has been shown that there exists a similarity trans- 
formations M i-> T^MTq with To an unitary matrix such that any given pair of 
matrices A and B, which satisfies the assumptions of the BMV conjecture, is trans- 
formed into matrices A and B that have the special form of (|2.1I) and (|2.2p . Since 
the trace of a matrix is invariant under such similarity transformations, we have 

f{t) = Tre^-'"" = TrT*e^~'''To = Tr e^« '^^«-*^» ^^^ 

for all t G M+, which shows that the function / in (jl.ip remains invariant under 
this transformation, and therefore Assumption 1 does not limit the generality of a 
proof of Theorem [1] and [H 

If in _B = diag (6i, . . . , 6„) we have &i — 0, then the matrix B :— B + el = 
diag (bi, . . . ,bn) with e > satisfies Assumption 2. We have bj = bj + e, j = 
1, . . . , n, and it follows from (ll.ip that 

f{t) := Tre^-'^ ^ er^^Tre"^-*^ = e-^*/(i) for t > 0. (2.4) 

From (|2.4I) and the translation property of Laplace transforms, we deduce that 
the measure ij,a,b in (EH) for the function / is the image of the measure /i^ g for 

the function / under the translation t i-^ t — e. From (jl.lSp in Theorem [5] it then 
follows that supp(/x^.b) C [6i,6„] C R_|_, and consequently the proof of Theorem 
[T] and [2] for the matrices A and B carries over to the situation with the original 
matrices A and B. D 



3. Integral Representations 

In the present section we study the solution of the polynomial equation 
(ll.lOp . and in addition also the solution of a second equation, which will be intro- 
duced in Subsection 13.31 The Assumptions 1 and 2 from the last section are taken 
to be satisfied throughout the present and also throughout the next three sections. 
The main aim of the analysis in the present section is an integral representation 
for the function / from (jl.ip . and more importantly also for its derivatives f^''\ 
fc = l,2,.... As a secondary aim we shall clarify the implications in case of a 
polynomial g{X,t) in (ll.lOp which is not irreducible. 
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3.1. The Functions Ai, . . . , A„. The solution A of the polynomial equa- 

tion (jl.lOp is a multivalued function with n branches Aj, j ~ 1, . . . , n, defined in 
C Each pair (A,t) = {Xj(t),t) with t £ C satisfies the equation 

= giX,t) := dct{XI-iA-tB)) = .9(i)(A,i) • • • g(„)(A,i), (3.1) 

which is an identical repetition of (jl.lOp . only that we now have added the poly- 
nomials 5(i)(A,t) € C[A,i], I — l,...,?7i, which are assumed to be irreducible. If 
the polynomial ^(A, t) itself is irreducible, then we have m — 1, g{X, t) = g(i) (A, t), 
and A is an algebraic function of order n. Otherwise, in case of m > 1, A consists 
of m algebraic functions An), I = 1, . . . ,m^ which are defined by the m polynomial 
equations 

5(i)(A(,),<) = 0, ? = l,...,m. (3.2) 

Hence, A consists either of a single algebraic function or of several such functions, 
depending on whether g{X,t) is irreducible or not. In any case, the total number 
of branches Xj is always exactly n. 

Obviously, for each i g C, the numbers Ai(t), . . . , A„(i) are the n eigenvalues 
of the matrix A— t B, a.s it has already been stated in (jl.9p . Since A — t B is an 
Hermitian matrix for t G R, the restriction of each branch Xj, j = 1, . . . ,n, to M. is 
a real function. 

From p.ip and the Leibniz formula for determinants we deduce that 

n 

g{X,t) ^ Y.P^{t) X' (3.3) 

with pj G C [t], degpj < n — j for j = 0, . . . , n, p„ = 1, and Pn-i(t) = t Tr(_B) — 
Tt(A). If TTi > 1, then we assume the polynomials gn\ normalized by 

g^i){X,t) ~ A"' + lower terms in A, I — 1, ... ,m, (3.4) 

and we have ni + . . . + rim — n. In situations, where we have to deal with the 
individual algebraic functions Xin, I — 1, . . . ,m, which will, however, not often be 
the case, we denote the elements of a complete set of branches of the algebraic 
function A(;), I = l,...,?7i, by Xij, i = l,...,ni. There exists an obvious one- 
to-one correspondence j : {{l,i), i = l,...,ni, I = 1,...,to} — > {l,...,n} 
such that the set of functions { Xu, i = l,...,n;, / = 1,...,to} corresponds to 
{>^j,j = '^,---,n} bijectively. 

It is in the nature of branches of a multi-valued function that their domain of 
definition possesses a great degree of arbitrariness. Assumptions for limiting this 
freedom will be addressed in Definition [5] in the next subsection. 

Since the solution A of (13.11) consists either of a single or of several algebraic 
functions, it is obvious that A possesses only finitely many branch points over C 

Lemma 4. All branches Xj,j = l,...,n, of the solution X of i3.1\) are of real type, 
i.e., any function Xj, which is analytic in a domain Dq C C with Dq n M ^ 0, is 
also analytic in the domain Dq U {z\z G Dq }, and we have Xj{'z) = Xj{z) for all 
ze Do- 



Proof. The relation Xj{z) = Xj{z) follows from the identity 

g{X,t) = det (XI- (A -tB)) = dct (x I - (A^ -tB)) = g{X,t), 

which holds because oi A = A* = A and because of B being of the diagonal reform. 
Since the restriction of A^ to K. is real, Xj (z) is an analytic continuation of Xj across 

M. D 

Lemma 5. The solution X of i3.1\) has no branch points over M. 
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Proof. The lemma is a consequence of the fact that the functions Xj,j ~ 
1, . . . , n, are of real type. We give an indirect proof, and assume that a;o G M is a 
branch point of order fc > 1 of a branch Xj, j G {!,...,«}, which we can assume to 
be analytic in a slit neighborhood y\ (zM_ + a;o) of xq. Using a local coordinate at 
xq leads to the function g{u) := Xj{xq + u'^+^), which is analytic in a neighborhood 
of u = 0. Obviously, the function g is also of real type. Let Zq S N be the smallest 
index in the development g{u) = ^^ c/u' such that q^ y^ and Iq ^ mod(A: + 1), 
which means that there exists < li < k with ^q = ni{k + 1) + Zi, m £ N. Like 
Xj{z) = g{{z — xqY/''^^^'^)^ so also the modified function 



A,(;^) 



g{{z - a;o)^/('=+^)) - V Ci^k+i){.z " 2:0) 



/=o 



[z -xqY 



has a branch point of order k aX xo, and it is of real type. We have 

X,{z) = ci, {z - xo)'^/('=+i' + 0((z - xo)('i+i)/('^+i)) as z ^ xq, 
and consequently for r > sufficiently small we have 

h 



arg Xj {xo + re^ ) - arg q^, 



1 



■t 



< 



4(fc + l) 



for aU < t < TT, 



which implies that 

h - 1/2 
fc + 1 - 



arg Aj (xo + r) - arg Xj (xq - r) 



< 



h + 1/2 
(fc + 1) 



TT < TT. 



(3.5) 



Since the function Xj is of real type, we have argAj(xo + ?') 
argAj(xo — r) = mod(7r), which contradicts p.Sp . 



mod(7r) and 

D 



Next, we investigate the behavior of the functions A^, j — 1, 
neighborhood of infinity. 



the 



Lemma 6. Let Xj, j — 1, . . . ,n, denote n different branches of the solution X of 
iS.l]) . The system of branches can be chosen in such a way that there exists a 
simply connected domain U\ C C with 00 € Ux such that the following assertions 
hold true: 



(i) Each function Xj, j 



1, 



. ,n, is defined throughout U\, and none of 



them has a branch point in Ux- 
(ii) The n functions Xj, j — 1, . . . , n, can be enumerated in such a way that 
at infinity we have 



A,W 



bjt+0{l/t) as t 



00 



(3.6) 



with Ojj and bj , j = 1, . . . ,n, the diagonal elements of the matrices A and 
B, respectively. 
(iii) Each function Xj, j — 1, . . . ,n, is analytic in Ux\{oo} and univalent in 
Ux. 

Remark 1. Assumption 1 from Section\^is decisive for the concrete form of (3.6)) . 
Notice that the similarity transformation (A, B) i— > [A, B) from Lemma\^in general 
changes the diagonal elements Qjj, j = 1, . . . ,n, of the matrix A, but the polynomial 
equation i3.1\) remains invariant under such a transformation, and consequently, 
the same is true for the branches Xj , j = l,...,n, of its solution. Hence, \3. b]] 
holds true in its given form only if Assumption 1 is satisfied. 
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Proof. In a first step we prove that the solution A of (|3.1I) has no branch point 
over infinity, which then leads to a proof of assertion (i) . Somewhat more involved 
is the proof of assertion (ii), which is done in two steps. After that assertion (iii) 
follows rather immediately as a consequence of Assumption 2 from Section [2l 

Proof of (i): Like in the proof of Lemma [S] we prove the absence of a branch 
point at infinity indirectly, and assume that some function Aj, j e { 1, . . . , n }, has 
a branch point of order fc > 1 at infinity. The function Aj is of real type, and as 
a branch of an algebraic function, it has at most polynomial growth for t ^ oo. 
Hence, there exists mo G N such that the function 

Ao(z) :- z™"Aj(l/2) 

is bounded in a neighborhood of xa ~ 0. The function Aq is again of real type, and 
it has a branch point of order fc > 1 at xq = 0. 

After these preparations we can copy the argumentation in the proof of Lemma 
[3] line by line in order to show that our assumption leads to a contradiction, which 
then proves that none of the functions \j, j — l,...,n, has a branch point at 
infinity. 

From equation (|3.ip together with (|3.3p we further deduce that all n functions 
Aj", J = 1, . . . , n, are finite in C 

Since the solution A of (|3.ip possesses only finitely many branch points and 
none of them at infinity. The branches Ai , . . . , A^ can be chosen in such a way 
that there exists a punctured neighborhood of infinity in which all n functions \j , 
j — 1, . . . ,ri, are defined and analytic, which concludes the proof of assertion (i). 
At infinity the functions Aj, j = 1, . . . , n, may have a pole. In the next part of the 
proof we shall see that this is indeed the case, and the poles are always simple ones. 

Proof of (ii): The proof of p.6p will be done in two steps. In the first one we 
determine a necessary condition for the leading coefficient of the development of 
the function Aj, j — 1, . . . , n, at infinity. 

Let Ao denote one of the functions Ai,...,A„. From part (i) we know that 
there exists an open, simply connected neighborhood C/q C C of oo such that Aq is 
analytic in C/o\{oo} and meromorphic in Uq. Hence, Aq can be represented as 

\a = p + v (3.7) 

with p a polynomial and v a function analytic in C/q with w(oo) = 0. We will show 
that the polynomial p is necessarily of the form 

p(i)=co-ci< with ci e {5i,...,6„}. (3.8) 

The proof will be done indirectly, and we assume that 

degp 7^ 1 or p(t) = co - cii with ci ^ { 6i, . . . , 6„ }. (3.9) 

From p.9|) and the assumption made with respect to v after p.7p . it follows that 

\p{t) + hjt — Ojj + v{t)\ — > oo as i — ;► oo for each j ^ 1, . . . ,n. (3.10) 

From the definition of g{X^ t) in (j3.1|) and the Leibniz formula for determinants 
we deduce that 

n 

g(Ao(t),i) = n (pW + ^J* - ""n + «W) + (3-11) 



3=0 



of max \p{t) ~\-hjt — Ojj +v{t)\^ I as t — ^ oo. 

\j=l,...,n J 



Indeed, the product in p. lip is built from the diagonal elements of the matrix 
Ao(t)/— {A — tB), and any other term in the Leibniz formula contains at least two 
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off-diagonal elements as factors, which leads to the error term in the second line of 
p. lip . From p.9D . p.lOp . and Assumption 2 in Section [5] we deduce that 

lim 1-— T — ^ —^ > for each k — 1, . . . , n, 

which implies that 

n 

max \p{t) + bjt-ajj+v{t)\'^^"Y\\p{t) + bjt-ajj+v{t)\^oo (3.12) 

7 — l,...,n -*■-*- 

j=0 

as i — > oo. From (13. lip together with (I3.12p it then follows that g{Xo{t),t) — )• oo 
as t ^- oo. But this contradicts g{Xo{t),t) = for t e Uq, and the contradiction 
proves the assertion made in (j3. 



We now come to the second step of the proof of (ii) . Because of p.Sp we can 
make the ansatz 

Xj = pj + Vj for j = 1, . . . ,n, and (3.13) 

Pj{t) = CQj - cijt with cij e { 6i, ...,&„ }, 

Vj analytic in a neighborhood Uq of infinity, and Vj{oo) = 0. We shall show that 
the functions Ai, . . . , A„ can be enumerated in such a way that we have 

cij ~ bj and cqj — ajj for each j — 1, . . . ,n, 

which proves p.6p . 

A transformation of the variables A and t into w and u is introduced by 

u := 1/i and w := (3.14) 

X + bit — aoo 

with 

aoo := min ({ cn, ..., ci„ } U { 5i, ...,&„ }) - 2. (3.15) 

From ([XTi]) it follows that 

A = 5it + aoo = ^ aoo- (3.16) 

w w u 

There exists an obvious one-to-one correspondence between the n functions Xj , 
j = 1, . . . , n, and the n functions 

Wjiu) ■.= ———-—— — , j = l,...,n. (3.17) 

A-,(l/u) + 5i/'u-aoo 

The functions Wj, j = 1, . . . , n, are meromorphic in a neighborhood Uq of the origin. 
From (IXTO)) and ((XT7| we deduce that 

{0 for cij 7^ 6i 
1 ^ 1 , , , (3.18) 
< - for cij = Oi 
coj — aoo ^ 

and therefore we can choose Uq so small that 

Q<\wj{u)\<l for ue[7o\{0}, (3.19) 

which implies that all w^, j = 1, . . . , n, are analytic in Uq. 

By V{u), u E C\{0}, we denote the n x n diagonal matrix 

V{u) ~ diag(l,...,l,V^,...,V^), (3.20) 

mi n—mi 
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where mi is the number of appearances of 61 in the multiset {bi, . . . ,bn} — {bj,j = 
1 , . . . , n } , and define 

g{w, u) := det {V{u)'^ + w (B - bil) - w Viu){A - aooI)V{u)) . (3.21) 

We deduce that 

giw, u) = det (v{u) (l+-{B- bil) -w{A- aaol)) V{u)\ 

= ii;"u"-™i det (-1 +-{B- bil) -{A- ao^I)] (3.22) 

\w u J 

w u J \ u 

= w;"u"-"^5(A, i). 

Indeed, the first equality is obvious if we take into account that B — bil = 
diag( 0, . . . , 0, bmi+i — bi, . . . ,bn — bi) with exactly mi zeros in its diagonal. The 
next three equations result from elementary transformations. 

Directly from (jX^ . but also from ((53)) and ((X^ together with ((XTC)) we 
deduce that g{w, u) is a polynomial in w and u, and it is of order n in w. 

From (j3.2ip together with properties used in (j3.22p and the Leibniz formula for 
determinants it follows that 

mi n 

g{w, u) = U (1 - w{o-n - floo)) W [u - w{bj - &i) - wu^a^-j - aoo)) 

j=l j=mi+l 

+ 0{u) as u^O. (3.23) 

Indeed, the product in p.23p is formed by the diagonal elements of the matrix 
M := V{uY + w {B — bil) — wV{u){A — aQoI)V{u), and the error term 0(u) in 
the second line of (J3.23I) results from the fact that each other term in the Leibniz 
formula includes at least two off-diagonal elements of the matrix M as factors. Each 
off-diagonal element of M contains the factor ^/u, or it is zero since from Assertion 
1 in Section[2]it follows that for all elements rriij of M = {rriij ) with i,j = 1 , . . . , mi , 
i y^ j, we have 771^^ = 0. 

With p.23p we are prepared to describe the behavior of the functions wi , . . . , w„ 
near u = 0, which then translates into a proof of a first part of p.6p . 

For w € C fixed, the n values wi(u), . . . , Wn{u) are the zeros of the polynomial 
g(w,w) £ C[w]. From p.23p we know that 

7711 71 

J=l j=mi+l 

Therefore it follows by Roche's Theorem that with an appropriate enumeration of 
the functions Wj, j — 1, . . . ,n, we have 

for j — 1, . . . , TOi 

ajj - aoo (3.24) 

for j = mi + 1, . . . , n, 

which is a concretization of p.lSp . Since we know from (13.191) that all functions 
Wj, j — 1, . . . , n, are analytic in a neighborhood Uo of the origin, it follows from 
([5:^ that 

Wj{u) — h 0(m) as u^O for j = l,...,mi. (3.25) 

ajj — aoo 
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From the correspondence p. 171) between the functions Wj, j ~ 1, . . . ,n, and 
Aj, j = 1, . . . , n, it then foUows from p.25p that 

= flj-j -aoo -feit + aoo + 0(-) (3.26) 

= ajj — bjt + 0( — ) as t — s- oo for j = 1, . . . , ?7ii. 

The last equation is a consequence of 6^ = 6i for j = 1, . . . , mi. With (j3.26p we 
have proved relation (13. 6|) for j' = 1, . . . , mi. 

By the definition of ttii and the ordering in (j2.3p we have 

&r?xi + l > fe?rii = . . . = fel. 

Let now ni2 denote the number of appearances of the value 6mi+i in the multiset 
{ &j, j = 1, . . . , n }. In order to prove relation p.26p for j = mi + 1, . . . , m,i + m.2, 
we repeat the analysis from p.l4p until p.26p with, &i replaced by bmi+i and mi 
by 7Ti2, which then leads to the verification of (j3.26p for j = mi + 1, . . . , mi + m,2. 

Repeating this cycle of analysis for each different value bj in the multiset { bj , 
j = 1, . . . , n } proves relation (j3.26p for all j = 1, . . . , n, which completes the proof 
of p.6p , and concludes the proof of assertion (ii) . 

We would like to add as a short remark that if all 6^, j — 1, . . . , n, were pairwise 
different, then the analysis in these last cycles could be considerably shortened since 
in such a case one could proceed rather directly from p.lSp to the conclusion p.26p . 

Proof of (in): In the proof of assertion (i) it has already been shown that the 
functions Ai , . . . , A„ are analytic in a punctured neighborhood of infinity. From 
Assumption 2 in Section [5] it follows that bj > for all j = 1,. . . ,n, and therefore 
it is a consequence of p.6p that each function Aj, j — 1, . . . , n, is univalent in the 
domain U\ if U\ is chosen sufficiently small. D 

3.2. The Complex Manifold TZx- If the polynomial g{\,t) in ((XT|) is 

irreducible, then the solution A of p.ip is an algebraic function of order n, and 
therefore its natural domain of definition is a compact Riemann surface with n 
sheets over C (cf., [4, Theorem IV. 11. 4]). We denote this surface by Tl\. 

If, however, the polynomial g{X,t) is reducible, then we have seen in p. II) and 
(13. 2p that the solution A of p.ip consists of m algebraic functions A(;) , I = 1, . . . ,m. 
Each Xn\ has a compact Riemann surface TZx^i, Z = 1, . . . , m, as its natural domain 
of definition, and therefore the complex manifold 

TeA := 7^A,l U...U 7^A,m (3.27) 

is the natural domain of definition for the multivalued function A. In each of the 
two cases, TZx is a covering of C with exactly n sheets, only that in the later case 
TZx is no longer connected. By tta : TZx — > C we denote canonical projection of 

7^A. 

A collection of subsets \s\^ c TZx, j — ^, ■ ■ ■ ,n> is called a system of sheets 
on TZx if the following three requirements are satisfied: 

(i) The restriction ttaLcj) : S\^ — > C of the canonical projection tta is a bijection 
for each j = 1, . . . ,n. 

(ii) WehaveU"=l^i'^=7^A. 
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(iii) The inner points of each sheet Sj^ C TZ\, j — l,...,n, form a domain. 
Different sheets are disjoint except for branch points. A branch point of order 
k> 1 belongs to exactly fc + 1 sheets. 

Because of requirement (i) each sheet S\^ can be identified with C, however, 
formally we consider it as a subset of TZ\ . 

While the association of branch points and sheets is specified completely in 
requirement (iii), there remains freedom with respect to the other boundary points 
of sheets. We assume that this association is done in a pragmatic way. It is only 
required that each boundary point belongs to exactly one sheet if it is not a branch 
point. 

Requirement (i) justifies the notational convention that a point of S^ is de- 
noted by t(^) if TTxit'^^^) = i e C. 

The requirements (i) - (iii) give considerable freedom for choosing a system of 
sheets on TZ\. In order to get unambiguity we define a standard system of sheets 
by the following additional requirement. 

(iv) The cuts, which separate different sheets S\^ in TZx, lie over lines in C that 
are perpendicular to M. Each cut is chosen in a minimal way. Hence, it begins and 
ends with a branch point. 

Lemma 7. There exists a system of sheets S\^ C TZ\, j — 1, . . . ,n, that satisfy the 
requirements (i) through (iv). Such a system is essentially unique, i.e., unique up to 
the association of boundary points as mentioned in requirement (iii). The domain 
U\ from Lemma\oi can be chosen in such a way that each sheet Sj^ , j — 1, . . . ,n, 
of the standard .system covers U\, i.e., we have 

TT^isi'^) D Ux. (3.28) 

Proof. From part (i) of Lemma [5] it is evident that there exist n unramified 
subdomains in TZ\ over the domain Ux; they are given by the set tt^^ ([/>)• We can 
choose I/a C C as a disc around cx3. Because of Lemma H] and [S] it is then always 
possible to start an analytic continuation of a given branch Aj, j = 1, . . . , n, at oo 
and continue along rays that are perpendicular to M until one hits a branch point. 
This later case can happen only finitely many times. Each of these continuations 
then defines a sheet S)^ , and the whole system satisfies the requirements (i) through 
(iv), and also p.28p is satisfied. D 

Each system \ S)^ C TZ\, j = I, . . . ,n> of sheets corresponds to a complete 

system of branches Xj, j ~ l,...,n, of the solution A of (|3.1I) if we define the 
functions Xj by 

Xj:=XoTT-], j = l,...,n, (3.29) 

with ttT] being the inverse of ttxImj) , which exists because of requirement (i). If we 

use the standard system of sheets, then the branches Xj, j = 1, . . . , n, are uniquely 
defined functions, and we have overcome the problem of the otherwise existing 
ambiguity of their domains of definition. 

Definition 2. In the sequel we denote by Xj, j = \,. . . ,n, the n branches of the 
solution X of equation i3. 1\) that are defined by \3.29\) with the standard system 

' sheets. 



{4^"^} of. 



The next Lemma is an immediate consequence of the monodromy theorem. 
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Lemma 8. Let Xj , j ^ 1, . . . ,n, be the functions from Definition\^ Then for any 
entire function g the function 

n 

G(i) = ^.9(A,(i)), tec, 

is analytic and single-valued throughout C 

With the functions Xj, j — 1, . . . , n, we get a very helpful representation of the 
function / from (|l.ip and of the determinant det {(I — {A — tB)). 

Lemma 9. With the functions Xj, j = 1, . . . , n, from Definition\^ the function f 
from (QHP can be represented as 

n 

/(t) = Tre^-*^ = ^e^^(*) for teC. (3.30) 

It follows from Lemma\^ that f is an entire function. 

Proof. From equation (|3.ip it follows that for any t e C the n numbers 
Ai(i), . . . , Xnit) arc the eigenvalues of the the matrix A — tB. Let Va C C be the 
set of all i e C such that not all Ai(t), . . . , A„(t) are pairwise different. This set 
is finite. For every t e C\Vx the n eigenvectors corresponding to Ai(i), . . . , A„(t) 
form an eigenbasis. The n x n matrix Tq ~ Toit) having these vectors as columns 
satisfies 

T^\A - t B)To - diag (Ai(i), • ■ • , A„(t)) • (3.31) 

Since the trace of a square matrix is invariant under similarity transformations, 
(P:^ follows from ([X?!]) and dHJ) for t^Vx, and by continuity for alH G C. D 

Lemma 10. With the functions Xj, j — 1, . . . ,n, from Definition\^ we have 

n 

Y[{C~Xj{t)) ^ dot {(I- {A- tB)) for C,teC. (3.32) 

i=i 

Proof. From (j3.3ip we deduce that 

Tq-i (C/ -{A~ tB)) To = diag (C - Ai(t), . . . , C - A„(i)) 

for each ( £ C and t e C\V\, which then proves p.32p . D 

3.3. The Functions Ti, ... ,T„. As a second polynomial equation we con- 

sider 

g{T,z) -.^ det (t I- {A ~ zB)) ^0 (3.33) 



with A := B"i/2ylS"i/2 ^j^^j ]j .= ^-i Equation (|535)) has a structure that is 
identical to that of equation (j3.ll) , and therefore its solution r will have the same 
properties as that proved for the solution A of p.ip in the last two subsections. We 
will give some more details. 

It is immediate that the two matrices A and B are Herniitian and that the 
Assumptions 1 and 2 from Section [51 which have been assumed to be satisfied for 
the matrices A and B, are also satisfied by the two new matrices A and B. Further, 
we have the identity 

g{T,z) = det (tI- {B-^'^AB-^/^ - z B'^)^ (3.34) 

= det (r B + z / - ^ ) det (S)"^ = g{z, r) det (B)~^ , 

which shows that the polynomial g(r, z) is irreducible if, and only if, g{z,T) in p.ip 
is irreducible. In case of reducibility, both polynomials g(T,z) and g{z,T) possess 
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the same number of irreducible factors with pairwise identical degrees. Therefore, 
the solution r of equation (j3.33p is either an algebraic function of degree n, or it 
consists of several algebraic functions in the same way as it has been described for 
the solution A of p.ip . 

If the polynomial g(r, z) is irreducible, then the natural domain of definition for 
the solution t is a compact Riemann surface with n sheets over C, which we denote 
by TZt. If, however, g{T,z) is irreducible, then the natural domain of definition of 
T is the complex manifold 

TZr ■■= TZrs U . . . U 7^r,,„ (3.35) 

with TZt,i, I = I, ■ . ■ ,171, being compact Riemann surfaces, which are defined by the 
irreducible factors of ^(t, z) in the same way as it has been described before and 
after (j?:??)) for the solution A of ((Hll) . 

Because of the structural analogies between the equations p.33p and (j3.ip . we 
can prove the same properties for the solution r of (J3.33I) . its branches tj, j = 
1, . . . , n, and the complex manifold TZr as have been proved for A, Xj, j = 1, . . . , n, 
and TZ\ in the Lemmas [3] through [51 and [TUl in the last two subsections. For later 
use we compile these results in the following lemma. 

Lemma 11. There exists a simply connected domain Ur C C with oo G [/,- such 
that 

(i) The solution t of equation \3.3S\) has no branch point in Ur- 
(ii) The solution r has exactly n branches Tj, j ~ 1, . . . ,n, and they can be 
enumerated in such a way that 

tJz)^^- ^z+ 0(l/z) as z^oo. (3.36) 

bj b, 

(iii) Each branch Tj, j — l,...,n, is analytic in Ur\{oo} and univalent in 

Ur. 

(iv) The Lemmas[^ and\^ hold also for the solution t, i.e., t is of real type, 

and it has no branch points over M. 
(v) Lemma\^ holds also for the branches Tj , j — 1, . . . ,n. 
(vi) Lemma \TU\ holds also for the branches tj, j — 1, . . . ,n, i.e., we have 

n 

YliT-Tjizj) = det(Tl-{A-zB)) for r, z e C. (3.37) 

i=i 

The simply connected domains U\ and Ur in Lemma [5] and lll[ respectively, 
are in general different. 

The canonical projection of the manifold TZr is denoted by tTt- : TZr — > C, 

and systems of sheets on TZr by ISr C TZr, j ~ 1, . . . ,n>. Again, we assume that 

these systems satisfy the requirements (i), (ii), (iii) stated in the last subsection for 
TZ\, and their standard form is defined by the additional requirement (iv), where 
now the domain U\ is replaced by Ur. 

Definition 3. Analogously to Definition\^ we denote the n branches of the solution 
T of equation US. 33]) that are determined by the standard system < Sr ( of sheets 
on TZr by Tj , j = 1, . . . ,n, in the sequel. 

Lemma 12. With the domains U\ and Ur from Lemma[S\ and \71\ we have 

X,j{t) ^ Tj^ {t) for teUx and (3.38) 

'0(^) = V^(^) ■1'°^ z e C/^, j = l,...,n. 
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The image values of the two multivalued functions A and t can be lifted to TZr o-nd 
TZ\, respectively, in such a way that for the lifted functions A : TZ\ — > TZ^ o,nd 
T : TZr — > Ti-\ we have A = tt^ o A and t = tt\ o t. Then the two functions A and 
T are mutually universe, i.e., we have 

A = T-'^. (3.39) 

Proof. The inverse relation p.39p and the possibihty of hfting the image 
values of the functions A and r to TZr and TZ\, respectively, is a consequence of 
identity (|3.34p . The inverse relations (I3.38P then follow from (j3.39p together with 
assertions (iii) in Lemma [5] and [TTJ D 

If the polynomials g(r, 0) and g{z,T) in (|3.33p and (j3.ip arc irreducible, and 
therefore the covering manifolds TZr and TZ\ both are Riemann surfaces, then it 
follows from (|3.39p that these two surfaces are conformally equivalent, and conse- 
quently identical in an abstract sense. However, as concrete Riemann surfaces over 
C, they are different objects, and this difference is very important and decisive for 
our subsequent analysis. The same conclusion holds, by the way, also for the indi- 
vidual pairs {TZr,i,TZ\,i), I = 1, . . . ,m, oi Riemann surfaces from p.35p and p.27p 
if the polynomials g(r, z) and g(z, r) are not irreducible. 



3.4. Representations for the Functions / and /^'"'^. With the help 

of the functions A^ and tj, j — 1, . . . ,n, from Definition [2] and [3] we prove integral 
representations for the function / from (11.11) and its derivatives f^''\ fc = 1, 2, . . .. 

Definition 4. A rectifiable Jordan arc T C C\R_ is called a Hankel contour 
if it surrounds R_ with a positive orientation and if it is contained in a sector 
{ z e C : I arg(2 — a) +t:\ < ^ } with a > 0. By Int(r) we denote the component of 
C\r that contains R_, and by Ext(r) the other component ofC\T. 

Lemma 13. For the function f from il.l}) we have the representation 

fit) ^ ^- h^jl T^TlA ^°^ ^ ^ 1^+' (3.40) 

where T is a Hankel contour that satisfies 

T cUx and Aj(R+) C Int(r) for all j = 1, . . . , n, (3.41) 

and further we have 

f(t) ^ -L f e^y ^5?"^^ for teR+, (3.42) 

where T is a Hankel contour that satisfies 

T cUr and Tj{R+) C Int(r) for all j ^l,...,n. (3.43) 

Remark 2. In ^3.41^ and ^3.43^ , U\ and Ur is the domain from Lemma\^ and 
\lll respectively. From i3. 6]) and i3.36]) together with Assumption 1 from Section\^ 
LemmaYA and assertion (iv) in Lemma [771 it follows that there exists a € R such 
that Aj (R4. ) , Tj (R-|_ ) C (— cx),a] for all j = 1, . . . ,n, which shows that there always 
exists a Hankel contours T which satisfy [3^4^ f^i^d \3.4^. 
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Proof. Let Xj and tj, j — l,...,n, be the functions from Definition [5] and 
[3J and let a Hankel contour F be chosen in such a way that F C Ur H U\ and 
Aj(]R+), Tj(]R+) C Int(r) for j = 1, . . . , n. For i > we then have 









dc 



27:iJr' ^C-A,(i) 



^yeC^log(C-A,WK 

— i / e'^ log det (C/ - (A - iS)) dC (3.44) 

^ / e'^ log det (C-B-i - (S-i/2^ fi-^/^ - t/)) dC 
+ / e'^logdet(B)dC 

^ / e'^ log det (tI-{A- C-B)) dC 

-1 r " 
-y^eCX:iog(i-r,(C))dC 



27ri 



27ri 



Otto L 2^ 



r'(C)rfC 



27ri./r" ^ T?(C)-i' 



In p.44p . the logarithm is defined in C \ M_ in the usual way. The first equality in 
p.44p has been proved in LemmaJHl The second one follows from Cauchy's formula, 
which is applicable to F and the exponential function e^. Notice that Aj(t) £ Int(r) 
for all t E M+ and j — 1, . . . ,n. 

The third equality in p.44p follows from partial integration. The fourth one has 
been proved in Lemma [TUl The fifth one is the result of elementary transformations. 
The second integral in the fifth line of (|3.44l) is identical zero, which together with 
the introduction of the matrices A and B after p.33p verifies the sixth equality. 
The seventh one follows from assertion (vi) in Lemma [11] and the last one is a 
consequence of partial integration. 

Representation (|3.40[) has been proved by the second line in (I3.44p . and repre- 
sentation (P^ by the last line in (P^Iil) . D 

Lemma 14. For the derivatives of the function f from U.l]) we have 

fik^^^^i±_p[ fcJ2{r,iO-t)-'dC (3.45) 

for i > 0, fc = 1, 2, . . . , and F a Hankel contour that satisfies 

F C C/r and r,- (IR+) C Int(F) for all j = 1, . . . , n. 
Proof. Starting from the penultimate line in (I3.44p . we get 



1 r " 



and p.45p follows immediately. 



24 HERBERT R STAHL 

An alternative proof of p.45p could start from the last line in p.44p . which 
leads to 



and from this we get (I3.45|) by partial integration. D 



/"•<o^^/.<i:,J^.-. 



4. Asymptotic Approximations 

In the present section, we prove an asymptotic approximation of J^^'{k/t) 
for fc -^ oo that holds uniformly for i > 0. As starting point we take p.45p in 
Lemma [HI The main result is stated in Proposition [21 and three important special 
cases are formulated in subsequent corollaries. The remainder of the section is 
devoted to the proof of Proposition [5] 

4.1. Central Result. 
Proposition 2. Let f be the function from lil.l}) . then we have 

k n 



/»(i,M-i)'-(i+o(^-"')) ^(|)i:=-«^) 



] \k 
fc+1 






(4.1) 



as k ^ oo for t > 0. The function ip is defined in ^.2^ , the functions Xj , j = 
1, . . . , n, have been introduced in Definition\^ each integration path Cj is a positively 
oriented Jordan curve that is chosen in such a way that the corresponding function 
Xj is analytic in its exterior, and the error term 0{k~^'^) holds uniformly for all 
t > 0. 

We have 

, , f = 1 for t = 1 

4,{t) -.^ ie^-* <^ (4.2) 

^ ' \ e (0,1) for te (O,oo)/{1}. ^ ' 

Since the function ip peaks at i = 1, all relevant contributions of the sum in the first 
line of (j4.ip are asymptotically concentrated at the n points t = bj, j — I, . . . ,n. 

In the next three corollaries, the result in Proposition [5| is specialized in di- 
rections that are relevant in Section [Sj for different aspects of the Koch-Widder 
inversion formula. The proof of Proposition [51 is then given in the remaining three 
subsections. 

Corollary 1. For j e {1, . . . , n} and t — bj we have 

/^'^'nf) = /'''(^) = (-l)'(|)'e""(l+0(fc-V4)) as fc^oo. (4.3) 



Proof. By Stirling's formula n! = n"e "VSTrn (1+ 0(l/n)) as n — >■ oo, we 
have 

k\ fb,\ _(b£\ (^^Q(^-i)) ^ k^oo, (4.4) 



V27rfc \k J \e 

and 

as fc — >■ cx). 



Kl) 4«©'(^)-'-"'(l) 
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The last estimate shows that the term in the second hne of (|4.1I) is negiigible in 
comparison to that in the first line. From (j4.2p we know that ip{bj/bj) = 1 and 
9 := max{ iplbi/bj) \l — 1, . . . ,n,l y^ j } < 1, which implies that 

" h 

Yl e""V(7^)'' = 0(6*'=) as A: ^ oo. 



1=1, i^j ' 

Relation (J4.2I) then follows from the first line in (j4.ll) . (14. 4p . and the last estimate. 

D 

Corollary 2. For t e [^i, 6n]\{6i, . . . , 6„} we have 

= (-1)'^' fl)'"' (l+ 0(fc-/^)) E ^ / e^^^^^"*^^C (4.5) 



k \ I ^-^ 2TTi ir 

- ^ bj<t •'^3 

as fc —>■ CXI. The objects Cj and Xj are the same as in Proposition\^ The error 
term 0[k^^''^) holds uniformly for t on compact subsets of [bi, bn]\{bi, . . . , 6„}. 

Proof. From (j4.2p it follows that for each compact subsets V C [6i,&„]\{6i, 
. . . , bn} there exists 9 with 

max V( — ) < 61 < 1 for t e V, 

l—l,...,n t 

which implies that 

-^=ye'"'ij(^)''^0(Vk9'') as fc ^ oo 

uniformly for t £ V. The last estimate then ensures that the expression in the first 
line of (j4.ll) is negligible in comparison to the expression in the second line for t 
G V, which proves the first line of (j4.5p . The second line of (j4.5p is a consequence 
of (|I^ in Lemma [T5l bellow. D 

Corollary 3. We have 

k /A"+^ f O(^^(¥)'"0 for 0<t<bi 

f^'Hj) = kl(l) )^ J (4-6) 

* \'^y Of\/A?V(^)M for bn<t <oo 

as fc —>■ oo with error terms O(-) that are independent oft. 

Proof. From Lemma [T51 bellow, it follows that the expression in the second 
line of (j4.ip is identical zero for t E (0, fei) U (fe„, oo). Consequently, we deduce from 
(|iT|) that 

/W(^)^fc!Q^ ^0(7^^(7)") as fc^oo, fe(0,oo)/[5l,M• 
(4.7) 
Since the function -0 is strictly increasing in (0, 1) and strictly decreasing in (1, 00), 
estimate (|4.6p follows from (|4.7p . the monotonicity of ijj, and the observation that 
^"0(0 ^ 4/e for all t > 0. The independence of the error terms O(-) from t follows 
from the last estimates and from the same property of the error term in Proposition 

m □ 
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Lemma 15. For each t > we have 

3A,(C)+tCrf^ = (4.8) 



^ 2Tri fr. ^ 

3 = 1 •'^^ 

with Cj and Xj as specified in Proposition \^ 

Proof. Without loss of generality we can assume that in (|4.8I) all curves Cj, 
j = 1, . . . , n, are identical with a single curve C. We interchange summation and 
integration in (14.81) , and then deduce from Lemma[5]that X)?=i ^'^^ '''''~'^* '' i^ ^^ entire 
function, which proves (14.81) . D 

4.2. Preparation of the Proof of Propositions [2l Our point of de- 

parture for the proof of Propositions [2] is the representation 

which is practically identical with formula (J3.45I) in Lemma UM The functions tj, 
j = 1, . . . ,n, have been introduced in Definition [31 and t > 0. With the variable 
substitution 






C = kfz + ajj, z^—iC-ajj), (4.10) 



we then get 



,.,A,^tin^(^-±,,.. f ^ ,::a"- „. ...n, 



t' 2m ykj ^^-- Jril-j.r,ik'i-z + a,,)Y 

Notice that the substitution (|4.10l) depends on the index j of the function tj in 
question. Therefore, it is a different one in each of the n integrals in (|4.9I) . In 
(|4.9p the integration path P is a Hankel contour that satisfies the conditions p.43p 
in Lemma [131 In (|4.1ip the conditions for P have changed, P has now to be a 
Hankel contour that contains all branch points of the functions rj(fc-^(') + '^jj)j 
j — 1, . . . ,n, k — fco, fco + Ij • ■ -I in its interior Int (P), and in addition it is necessary 
that k/t ^ Tj(fcY Ext (P) + cijj)- These requirements are fulfilled by any Hankel 
contour in C \ M_ if k/t is sufficiently large. Despite of this last rather simply 
sounding statement, the choice of an appropriate integration path P will be a major 
topic in the sequel, and we will give more detailed further below. 

Next, we introduce the remainder functions r^fe, j = 1, . . . , n, fc = 1, 2, . . ., by 
rjk{z) ■= -z - -Tj{k^z + ajj), (4.12) 

which, with (|4.1ip . yields that 

;«(_) = (_i)fc(fc_i)! ^6,.e-..A,,(j-,t) (4.13) 

with the abbreviation Iij~{i,t) for the integral 

1 f p * ^ dz 

hA.ht) := ^r- / 77—— TTTfe, (4.14) 

2m 7r (l + z + rjk[z))'' 

j = 1, . . . ,n, k = 1,2, . . ., and i > 0. 

Lemma 16. There exists R > and cq < oo such that for all j — 1, . . . ,n and 
k = 1,2, . . ., the following two assertions hold true. 

(i) The function rjk is analytic in C\{ \z\ < Rt/k}. 
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(ii) We have 

\rjk{z)\ < CQ—— for all \z\ > Rt/k. (4.15) 

k \z\ 

Proof. From assertion (i) in Lemma [Til we know that there exists i? > such 
that each function Tj, j = 1, . . . , n, is analytic in { |C| > hj{R — 1 + \<ijj\/hj) }. 
From (|4.10p and (I4.12p we then deduce that the function Vjk is analytic in { |z| > 
(i? — 1) t/k }, and this proves assertion (i). 

From (|4.12p and the development p.36p in Lemma [TT] of tj at infinity it follows 
that 



r,..(z) = z + ^^-l(64z + a 




= i-0(^ ) as 

k bjifz + a,, 

which shows that rjk{oo) — 0. Since the function r, does not depend on t or k, we 
deduce from (j4.12p that jrjk{z) is uniformly bounded on { \z\ = Rt/k} for i > 
and k = 1,2,.... Therefore, there exists cq < oo such that 

-kifc(z)| < -| for all \z\ = — , 
and (|4.15p follows by the Schwarz Lemma. D 

4.3. A Model Problem. The main task in the proof of Propositions [2] 

is the asymptotic approximation of the integral /i^fc(j, i) introduced in (j4.14p . In a 
kind of prelude to this task, we study the asymptotic approximation of the integral 

IoMj,t)=Io,:=^J/-^^j^ for fc^oo, (4.16) 

j = 1, . . . ,n, and t > 0. In (j4.16p . P is an arbitrary Hankel contour in C\(— oo, —1). 
Obviously, /o,fc(j, i) is a simplification of the integral Ii.k{j,t) from (I4.14p . Its 
asymptotic approximation is seen here as a model problem that will provide useful 
definitions for the analysis of the original integral /i_fc(j, i). 

Throughout the subsection we keep j G {1, . . . , n} and i > fixed if it is not 
stated otherwise. As a general notational policy we will not mention he parameters 
j and t as long as they are kept fixed. 

Lemma 17. We have 

^o,k = jj^-^ikjj e-^^ forall keN, and (4.17) 

Jo.fe = ^i=^V(T)'(l+0(l/fc)) as fc^oo (4.18) 

V 27rK Oj t 

for t > and with ip{z) = ze^^^ the function introduced in ^.2^ . The error term 
0{l/k) in \4-18^ is independent oft. 



Proof. By Cauchy's formula we get 



Io,k = —^^—r e'' * 



'- ■ ■ ',hX'\-^^ 



(fc-l)!dz'=-i z=-i (fc-1)! 

for all k G N, which proves (|4.17p . The estimate (I4.18P then follows with Sterling's 
formula fc! = {k / ef V^hdi {I + 0{l/k)) and with i){x) = xe^"^. D 
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In order to achieve our aim, we have to redo the approximation in the proof of 
Lemma [T71 bv the saddle point method. There, most of all, we are interested in the 
definition of the appropriate integration path for the saddle point method. 

For later use we repeat the basic formula of the Laplace method (sec, for in- 
stance, [201 Chapter II, §4] or [HI Ch. 2.2.2]): Let functions g G C^ {[a,b]) and 
h&C^ ([a, 6]) be given with [a,6] C M, a < < 6, 5(0) 7^ 0, h{Q) ^ 0, /i'(0) = 0, 
/i"(0) > 0, and h(x) > h{0) for all x e [a,fo]\{0}. Then the integral 

.b 
I{k)= g{x)e'''^^''Ux, fc G N, (4.19) 



has the asymptotic approximation 



/(fc) = J^7^5(0)e-'='^(0)(l + O(lA)) as A: ^ 00. (4.20) 

In the Laplace method the integration extends by definition over a real interval. 
For integrals like /o.fe with integration in C, the choice of the integration path is of 
key importance for the application of the saddle point method. If such a path F 
has been found, then formula (|4.20p carries over to integration along a path F in C 
thanks to a real parameterization. 

In case of integral (|4.16p we choose F as the path of steepest descent of the 
modulus of the integrand. With 

Mz)--=jz~\og{l + z) (4.21) 

integral (|4.16p can be rewritten as 

Io,k = ^^J e'^'^^^'Uz, (4.22) 

where F is still an arbitrary Hankel contour in C\(— 00,— 1). The function log(-) 
in (|4.2ip is defined in C\]R._ in the usual way. From the harmonic landscape of 
the function Re (po in C it is evident that there exists only one saddle point zq of 
Heifo, which is a critical point of ipa, and from 



'Po(zo) = — 



b, 1 



t z + l 
it follows that this point is given by 



0, 



zo = zo,j = 1^-1- (4.23) 

As integration path for the saddle point method we then get 

Tq — Tq 7 ■ z(u) :— -— u cot u — 1 + i-— u, mG (— tt, tt), (4.24) 

which is the path of steepest descent of |e'''^'''^^)| starting at zq for u = 0, as will 
be shown in assertion (ii) in the next lemma. In this lemma we assemble several 
properties of Fq, z(u), and tpo that will be needed in the sequel. 

Lemma 18. We have 

(i) Reipo{z) < Reifoizo) for all z G FqXJzo}, 
(ii) lm.ipo{z) = for all z G Fq, 
(iii) Fq n M ={zo}, and Fq cuts M. perpendicularly, 
(iv) Fq is an analytic Hankel contour in C\(— 00,— 1), 

u 



(v) z'iu) = I 



cotu 



sin u 



for ue (-TT, tt). 
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(vi) z'{u) = ^ 



2 



0{u^) for u -^ 0, u e 
b, . 6,- 1 



(vii) ((^oo^)(u) = 1 - — +log— - ^u^+Olu^) for u ^ 0, w € R, 



(viii) e'=^«(^("»=7/;(^)'=e-5'="'(i+0("» /or u 

2 



0, u e 



(ix) e'=-o(^) = ^(hf h + ^ (^i_i^ j + o{k {z - z,f)\ 

for z ^ zq, z e C, fc e N. 

Proof. Most of the nine assertions in the lemma can be verified by straight- 
forward calculations starting from the definitions in (j4.2ip and (j4.24p . Assertion (i) 
follows from assertion (ii) and the fact that zq is the only critical point of (/Sq- D 

Using the Hankel contour Fq as integration path, we now derive an asymptotic 
approximation of the integral in (|4.16p by the saddle point method. As already 
mentioned earlier, this derivation duplicates the proof of Lemma [TT] We have 

27r Jro « 27r J_^ i 

= ^,&fe(^oo.)(0)^'(0) 



^^^^^ooz)w^:lL{l^O{l|k)) (4.25) 

ZTT \ k I 

= ^^i/^(^)'=-^(l + 0(l/fc)) as fc^oo. 

Indeed, the first two equalities are immediate consequences of, (|4.22l) and (|4.24l) . 
From the assertions (i), (v), and (vi) of Lemma 1 181 we see that the Laplace method 
is applicable to the second integral in the first line of (I4.25p . The third equality 
in (|4.25p then follows from the formulae (14.19^ and (j4.20p with h — —ip^oz and 
g = z' /i. Notice that because of assertion (vii) in Lemma [T51 we have /i"(0) = 1. 
The fourth equality is a consequence of the assertions (vi) and (viii) in Lemma [T51 

A comparison of the last line in (|4.25p with (14. 18^ shows that the saddle point 
method approximately gives us the same result as in Lemma [T71 where it had been 
proved by direct calculations together with Sterling's formula. 

In the sequel we also need an asymptotic approximation of the absolute integral 



1 



27r 



Fo 



dz\ 



IS:kU,t) = IS'k ■■= 7^ / e^^^ -^^ for k ^ oo. (4.26) 



1 



This integral is no longer independent of the integration path. The path Fo — Fo j- 
will be chosen since it will also be used for the asymptotic approximation in Lemma 
[?n further below. 

Lemma 19. We have 

I^^^ = /o_fe (1 + 0(l/fc)) as k^oo (4.27) 

for j =^ 1, . . . ,n and i > 0. The error term 0{l/k) in {4-27^ is independent oft. 

Remark 3. The values of the two integrals Iq^^ and /o,fc differ apparently much 
less than a first look on (RT7^ and {4-26^ may have suggested. Notice that because 
of ^.22^, ^.lOy, and assertion (ii) in Lemma \TS[ we have 



jabs 



^ I e'=^«(^) \dz\ , 



and a comparison with ^.22^ shows that only the non-positivity of the differential 
^idz = —iz'{u)du, u G [— 7r,7r] , distinguishes between /o.fc and I^^^ ■ 
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Proof. In a first step we assume i > to be fixed. From assertion (vi) in 
Lemma \TE\ we know tliat |z'(0)| = t/bj, and consequently, it follows in the same 
way as in the argumentation in (j4.25p with the help of the formulae (I4.19P and 
(|4.20p by the saddle point method that 

27r J_^ 



^i/-f)'Ul + Oil/k)) 
27rfc t bj 



(X), 



which, with (|4.18p in Lemma [T7l proves the estimate (j4.27p . 

It remains to show that the error term in (|4.27p is independent oft. From (|4.24p 
and assertion (v) in Lemma [TSl we know that e''(''j/*)^(") = ^kuicotu + i)^-k{b,/t) ^ 
(1 + z{u))~^ = {bj/t)u^^ {cot u + i)~^, and z'{u) — {t/bj){cotu — u/ sir? u + i), 
which then implies that for any t > we have 



jabs 
'0,fe 



a^) 



1 

2^ 
1 
' 2^ 
fc-i 



Toij.t) 



\dz\ 



.ki-z(u) 



1 

2^ 



iz+ir 

|z'(u)| du 

kk u (cot u-\~ i) 



(4.28) 



cotu — li/ sin" u + z du 
\u (cotu + i)\ 



Since the integral in the third line of (j4.28p is independent of i, a comparison with 
(|4.17p shows that in (|4.27p the error term is independent of t. In the first line of 
(I4.28P we have used the notation Fq (j, t) in order to underline the dependence of 
the curve Fg on j and t. D 



The last piece in our investigation of integral (I4.16P is concerned with estimates 
of integral (|4.26p over certain small arcs in a neighborhood of zq. We need these 
results only for the case that \t — bj\ is small, which, because of (|4.23p . means that 
zq lies near the origin. 

Lemma 20. We assume \t — bj\ < bjk^" for some ^ < a < 1 and set A^ := /s^"D. 
Then we have 



-I 

27r JronA? 



2tt 



9A? 



.^kvo(z) \dz\^ Oik-")^!^^' 0{ki-") as fc -^ oo, 
,fcvoW |dz| = 0(A:-")=/o"fe 0(fc5-") as fc ^ oo. 



(4.29) 
(4.30) 



The error terms 0( • ) in (|^.iJ9[) and (RTJOD are independent oft. 



Proof. From the assumption |zo| = |1 — t/bj\ < fc^", from the estimate (j4.27p 
in Lemma [191 from (j4.18p in Lemma [ITl and from the definition of i/j in (j4.2p , we 
get the estimate 



/, 



0,fc 



iom[i + o{-: 



1 =^(^)'=(l + 0(fc-")) 



/2^ t 



(4.31) 



/27rfc 



(l + 0(fcl-2a^^ ^g ^, 



oo, 
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where the last equaUty follows from 

b 



^fy 



l-(l-f)|ei- 



(4.32) 



= l + 0((l-^)2) = l + 0(fc-2") as k^oo. 



(i) If the function ui(fc), A; G N, is implicitly defined by 

To n A^ = { z{u) \-ui[k)<u< ui{k) }, 

then from (J4.24I) and assertion (vi) in Lemma [TSl we deduce that 

< ui(/c) < fc""(l + 0(A:"")) as /c -> oo. 

With the assertions (i), (ii), (vi), and (viii) in Lemma fTSl with the first line in 
(|4.25p . and with (|4.32l) . we then further deduce that 

1 /• . , , 1 /•fc"°(i+o(fc-°)) 



271" .-TonA? 



^kipoiz) 



\'^\^ij_ 



gfc(v'0O2)(n) 1^/(^)1^^ 



-fc-°(l+0(fe-°)) 



(4.33) 



< J_e'='^o(^")(l + 0(fc-"))2fc-"(l + 0(fc-")) 
27r 

= — e'='^«(^°)(l + 0(fci-2"))(i + 0(fc-")) 

TT 

= 0(fc~") as fc -> oo. 

With (|4.31l) and (|4.33l) we have proved (|4.29p . All error terms 0( • ) hold uniformly 
for t with \t-bj\< bjk-" and fc € N. 

(ii) Because of |zo| < fc^", we have 

fc /z^-zo\ ^ Q,^i_2aN uniformly for z e dA^. 
2 \l + zqJ 

From assertion (ix) in Lemma [TH] and (|4.32p we therefore deduce that 

^kvoiz) < (^ _^ 0{k^~^°')){l + 0(fci-2")) = 1 + 0(fci-2") 

uniformly for z G 9A^ as fc -^> cxi. This estimate yields 
1 



27r 



dA? 



,kipo(z) 



\dz\<k-°'{l + 0{k^-'^°'))=0{k~°') as fc ^ oo, 



which together with (j4.3ip then proves (j4.30p . Again, all error terms O(-) hold 
uniformly for t with \t — bj\ < bjk"" and fc G N. D 

4.4. Completion of the Proof of Propositions [2j The next lemma is 

the core piece of the proof of Propositions [5J and its proof will fill the greater part 
of the present subsection. 

Lemma 21. For the integral /i,fe(j, i), j = 1, . . . , n, t > 0, from OTT^ we have the 
asymptotic approximation 

1 t , ,b., 



hAj,t) - {i + o{k-'/^)) 



/27rfc6j 



*(f)'. 



(4.34) 



^(o.bMt)Tr^'''":^ 



kb 



2m 



,A,(C)+tC 



dc 



with X(o,6 ) ^^6 characteristic Junction of {0,bj), and with the objects Cj and Xj 
being the same as in Proposition^^ The error term 0{k^^''^) holds uniformly for 
allt > 0. 
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m 



Lemma [21] together with (|4.13p provides a fast path to the proof of Proposition 
Proof of Proposition [2J Inserting (|4.34p into (j4.13p yields 

\ / j^i V TT 



fc! 



fc+1 



E- 



t<6j 



=A,(C)+Krf^ 



as fc — )■ oo. 



Hence, Proposition [5] is proved as soon we have completed the proof of Lemma 
mi D 



The proof of Lemma ?IT\ starts with a comparison of the two integrals h^kij, t) 
and Io,kiJ,t) from (HTTi)) and (|i?^ . where in Ii,kij,t) we take Pq from (|iIMl) as 
integration path. With (|4.14p . (j4.26p . (|4.21L and assertion (ii) in Lemma [TS] we 
have 



Ii,k — Io.k\ — rr— 



0,k\ 



2tt 
< — / e 



^(1 + ^) 



-fc 



rjkjz) 
1 + z 



- 1 



dz 



kipo(z) 



r]k{z) 

l + z 



-fe 



\dz\ 



(4.35) 



This estimate illustrates the importance of the difference in the integral in the 
second line of (j4.35p . The function Tjk has been introduced in (I4.12p . An estimate 
of this difference is a topic in the next lemma, where we also prove some results 
that are important for answering questions about the admissibility of Fq as an 
integration path in /i,fc(j, t). 



set A^ := fc-"I 



and assume that i < a < 1. 



Lemma 22. Like in Lemma W0\ we 

For each a G (1/2, 1) there exists fc^^ G N such that the following three assertions 

holds true. 

(i) We have 

A^ C Int(Po) for t > b,{l + k''^), 

A^nPo7^0 for \t-bj\<bjk~", (4.36) 

A^ C Ext(Po) for 0<t< 6j(l - fc""). 

and for j — 1, . . . ,n and fc G N. 
(ii) The expression l + z + rjk{z) in integral /i,fe(j, t) from CT7^ with rjk from 
{4-12^ is analytic and different from zero on the closure of Ext(Po)\AjJ^ 
for all k > ka, j — I, ■ ■ ■ ,n, and t > 0. 
(iii) We have 

-fc 



1 



rjk{z) 



for j = 1, 



l + z 
, , n and uniformly for 



1 + 0{k°'-^) as k 



CXD 



z G Ext(ro) if t > bj{l + fc~") 



z G aA^ U Ext(Po)\A^ if \t~bj\ <bjk-", 



(4.37) 



(4.38) 



z G Ext(ro)\A^ if 0<t<bj{l~ fc-") 
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Remark 4. Because of the first line in \4^.86^ , assertion (ii) holds also on Ext(ro) 
for t > bj{l + fc"") and k > k^. 

Proof. From (|4.24l) and 

t u t 

|l + z(u)| = : Icosu + zsinul > — for wef— 7r,7r) 

bj smu bj 

we deduce that |1 + z] > t/bj for z E Tq, which implies that 

t 



|l + z| > — for all ze Ext(ro). (4.39) 

(i) Each line of (|4.36p will be proved separately. In the proof of the first line 
we assume that 

t > 6j(l + fc-"), (4.40) 

which implies with (I4.39|) that 

|z| > -^ - 1 > (1 + k-") - 1 = fc-" for z e To, 

and consequently we have 

A^ C Int(ro) for all fc G N. 
Next, we assume that 

< i < 6j(l-fc~"). (4.41) 

Then by (|423)) we have 

a;o == — - 1 < (1 - fc"") - 1 = -fc"" for fc G N. 

From assertion (iii) in Lemma 1181 and the convexity of Int(ro), we then conclude 
that 

A^ C Ext(ro) for aU keN, 

which proves the third line in (j4.36p . 
At last, we assume that 

\t-b,\<b,k~". (4.42) 

With (|4:23l) we then have 



Fol = 



t 



< k-"', 



which shows that xq S A'^. With assertion (iii) from Lemma [TSl it follows that 

A^ n Fo 7^ for aU A; € N, 

and consequently the second line of (J4.36I) has been proved. 

(ii) In the present subsection we will prove only the analyticity statement in 
assertion (ii) , while the proof of the absence of zeros will follow as a by-product of 
the investigations in subsection (iii). In the proof of assertion (ii) and (iii). Lemma 
[TCI is of key importance. We set 

kii := {2b„Rf'-'' (4.43) 

with the constant i? > from Lemma 1161 The proof of assertion (ii) is split into 
two parts; in the first one we assume (J4.40I) and show that 

--D C Int(Fo) for k > kn.. {AAA) 

From (|4.44l) and assertion (i) in Lemma [TBI we then conclude that the analyticity 
statement in assertion (ii) is proved. 
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In order to prove (|4.44l) we observe that because of (|4.39p and assumption (|4.40p 
we have 

1 



1^1 ^^-^^ ^(^-7)^^1-1 + .-"' 



^3 "] 

t fc-" 

bj 1 + A:-" 



which further yields 



- z > 



> 



fc 



2 6, 6, 

and these last equalities prove (|4.44p . 
Next, we assume that 

< i < 6,(1 + fc-"), 

and show that 



> ±-k-^ for . e To, 



R > R for z eTo, k > Ur, 



(4.45) 



Rt^ 



C A^ for k>kR 



(4.46) 



(4.47) 



k '^ 

with the constant i? > from Lemma 1161 The analyticity statement in assertion 
(ii) then follows from (j4.47p and assertion (i) in Lemma [TBI for the case Q < t < 
6,(1 + fc-"). 

Inclusion (|4.47l) follows from the inequalities 

— < Rb^-(l + k-") < R2hjk-^ < i?26,fc"-ifc-" 
k k " 

< -^fc-" < k-°' for k > kR. 
6„ 

The penultimate inequality is a consequence of (|4.43l) . 

(iii) The proof of assertion (iii) is split into three parts that correspond to the 

three conditions in (J4.38D . In the first part we assume (j4.40p . From (|4.44p we know 

that (|4.15p in Lemma fTHl holds true, and we get 



\rjk{z)\ < Co 



PI 



for z e Ext(ro) and k> kR. 



With (1133), dUHl), and (|05)) . we then deduce that 
rjkiz) 



< Co2 6f/c""^ for zeExt(ro) and k > kR. 



(4.48) 



(4.49) 



Estimate (^37)) then follows from (105)) for the case that t > 6,(1 + fc""). If 
we choose ka > kR sufficiently large, then it follows from (I4.49P that the expression 
1 + z + rjk{z) has no zero in Ext(ro), which completes the proof of assertion (ii) 
for the case of t > 6,(1 + k~°'). 

Next, we assume (|4.4ip . Because of the inclusion proved in (j4.47p we see that 
(|4.15p in Lemma \W\ holds true, which implies that 



\rjkiz)\ < Co 



P 



for z e C\Afe and k > kR. 



(4.50) 



Since \z\ > k "on Ext(ro)\A^, we deduce from the last estimate together with 
(P:^ that 

rjk{z) 



l + z 



< co2 6|fc° 



for z e Ext(ro)\A^ and k > kf 



(4.51) 



which is identical with (|4.49p . This last inequality proves (|4.37l) uniformly for 
z e Ext(ro)\A^ and < t < 6,(1 — fc^"), i.e., for the conditions in the last line 
of (|4.38p . Further, it follows from (|4.5ip that the expression 1 + z + rjk(z) has no 
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zeros in Ext(ro)\A^ for < i < bj{l — k^°') and k > ka with ka > kj^ chosen 
sufficiently large. 

At last wc assume (14.421) . As before we deduce from (J4.47I) . (J4.15I) in Lemma 
[Tel and (|4?39| that (|43T|) holds under assumption (|442)) . 

From (H3ni) . (|Ti^ . and (liTfl) we further deduced that 

< C0T:7T-7r— TT < Co4fo^ fc"~^ for z G 9Afc and k > kp,. 



rjk{z) 



1 + z - '''k^\z{l + z)\ 

Together with (J4.51I) the last estimate proves (J4.37I) uniformly for z G d^t ^ 
Ext(ro)\A^ and \t — hj\ < bjk'"', i.e., for the conditions in the second line of 

Km . 

The absence of zeros in the expression 1 + z + rjk{z) follows under assumption 
(I4.42|) in an analogous way as it has been proved before under assumption (|4.4ip . 

D 

In the remainder of the present subsection we take a ~ 3/4 to be fixed, and 
prove Lemma [HJ which will be done separately in the following four cases 

(a): t > fej(l + /c-3/*), 

(b): hj <t < hj{l + k-^/'^), (4.52) 

(c): < i < 6j(l-fc-3/4)^ 

(d): hj{l-k-^'^) <t <bj 

with k = fco, fcg + 1, . . . , where fco := k^j^ has been taken from Lemma E^ The four 
cases in (I4.52p are oriented on the three different cases listed in (j4.36p and (|4.38p . 
Their ordering has been determined by considerations of the technical needs in the 
proof. The division into four parts has become necessary since the Hankel contour 
To from (|4.24p is admissible as integration path in the integral /i,fc(j, t) from (|4.14p 
only in case (a). The three other cases demand modifications and also additions to 
the curve Fq. 



Case (a) : We assume that the condition stated in the first line of (j4.52p holds 
true. From this condition together with (J4.23L assertion (iii) in Lemma ITSl the 
first line in (|4.36p . and assertion (ii) in Lemma [22j we deduce that the integrand of 
Ii,k{j,t) in (|4.14p is analytic on Ext(Fo). Therefore, Fq is admissible as integration 
path in the integral /i_fc(j, i). 

From (14.351) together with assertion (ii) in Lemma [TH] and estimate (|4.37p in 
Lemmaim which holds uniformly on Ext(ro) under the assumption t > bj{l + k^°'), 
we then get 



\h,k{j,t) - IoA3,t)\ < 



1 



„kipo{z) 



1 



2tt 

= IS'^ij,t)Oik-'/^) as 
and therefore we have 

hAj.t) = io,k{j,t) + /ot(j,t)o(fc-i/4) 

^IoA3,t)(l + 0{k-'/^ 
..,n. 



1 + z 



- 1 



\dz\ 



oo. 



CX) 



(4.53) 



(4.54) 



uniformly for t > bj{l + k-^/*), j = 1, 
proves Lemma [^ for case (a). 



With ((4l8)) in Lemma [jTl (|434)) 



Case (b): We assume that the condition stated in the second line of (|4.52p 
holds true. Under this condition we learn from (|4.23p and assertion (iii) in Lemma 
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[THlthat To comes arbitrarily close to the origin, and therefore it it is not guaranteed 
that all singularities of the function rjk from (j4.12p are contained in Int(ro). Hence, 
To is no longer admissible as integration path in the integral Ii,k{j,t) from (J4.14L 
as it was in case (a). Instead, we take the modified path 

Ti.fc := (ro\A;'/') U (9A-'/\lnt(ro)) for k > k^. (4.55) 

Like in case of Fq, we assume an orientation such that R_ is encircled counter 
clockwise. The set A^. in (j4.55p has been introduced in Lemma [22l and fcg has 
been introduced after (j4.52p as fco — k-^/i- We shall see that the curve Fi^fc stays far 
enough away from the origin so that its admissibility in /i,fc(j, t) can be guaranteed. 
On the other hand, it is not so different from Fq that the difference (|4.53p can no 
longer be guaranteed to be asymptotically sufficiently small. 

It is not difficult to see that Fi_fc = 9(Ext(ro)\A^ ' j, and therefore the 

admissibility of Fi.fc follows from assertion (ii) in Lemma W^ 

Obviously, Fi_fc is also admissible for the integral Io,k{j,t) from (|4.16p . i.e., we 
have 



ioMj,t) = ^ 



'dz 



for all k > ko. 



T,,. (^ + 1)'= 

In case of the absolute integral /q *f (i' i'^ (|4.26p . where we have no path- indepen- 
dence, the situation demands some care. Using the estimates from Lemma |20I we 
see that 



1 

2^ 



ri,, 



-,k^z 



(z + iy 



\dz\ = 



(4.56) 




roHA: 



sa;: 



, Int(ro) 



= ^t(j.0(i + o(fc-i/^)) 



as k 



which shows that the substitution of Fq by Fijt in (|4.26p causes changes of order 
atmost /^_^fc^0(fc-i/4). 

As in (|4.53l) . we now consider the difference 



\hAj,t) 



< 



ioAJ,t)\ = ^ 



ok(po{z) 



'dz 



ri,: 



27r 



< sup 



(^ + l + r,fe(z))fe 

k 
- 1 



'dz 



(z + iy 



l + z 



rjkiz) 



1 

2^ 



\dz\ 



^kipo(z) 



(4.57) 



\dz\ 



Itk0{k-'") 



l + z 

= iS'k'ij,t)[i + oik-'/^))o{k-'/^) 

The decisive step in (I4.57P is the transition from the penultimate line to the last 
one, which follows from (|4.37l) in Lemma B^ and from (|4.56p . Notice that Fi ^ = 

d (Ext(Fo)\Aj^ ). From the second line of (J4.38I) in Lemma [22] we know that 

the estimate in (I4.37p . and therefore also the estimate in (|4.57p . holds uniformly 
for bj < t < bj{l + k-^/'^) and J = 1, ... , n. 

Analogous to case (a), we deduce (|4.54p from (|4.57l) uniformly for bj < t < 
bj{l + k^^^^), j — 1, . . . ,n. With (|4.18p in Lemma [171 this then proves Lemma [?T] 
for case (b). 
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Case (c): We assume that the condition stated in the third hne of (|4.52p 
holds true. Under this condition the curve Fq from (|4.24p cuts R in the interval 
(—1,0), and consequently it is not admissible as integration path in the integral 
h,kij,t) of (|4.14p . Instead, we now use 

r2,fc := To U dA-""^^ = To U Co for k > ko, (4.58) 

as integration path. Because of (I4.23|) and assertion (iii) in Lemma[THl r2,fc consists 
of the two disjoint components Fq and Co — dA^ ' = k^'^/^dJ}. For Fo we keep 
the orientation introduced in (|4.24p . and Co is assumed to be oriented counter 
clockwise. Under the assumption < t < bj{l — /c"^/*) in the present case, we have 

r2,A; ~ d ( Ext(Fo)\A^ ' j, and therefore it follows from assertion (ii) in Lemma 
1221 that F2,fc is admissible as integration path in the integral /i^fe(j, i) for k > kg. 
We introduce the two integrals l2,k{j,'t) and l3,k{j,t) by 

If f e'^ t '^dz 



27ri \7ro 7 (z + l + r,fe(z))fe 

Co 

= /2.fc(j,t) +/3,fc(j,i), (4.59) 

and investigate both of them separately. We start with integral l2,k{j,t)- 
Exactly, like in (|4.53p . we derive the estimate 

|/2,fc(j, t) - IoMJ: t)\ < IomU, t) 0(fc-i/4) as fc ^ oo 

with the help of estimate (|4.37l) in Lemma [221 which, because of the third line in 
(|4.38p . holds also in the present case. From this estimate we then get 

/2,fc(j,i)=/o,fe(j,t)(l + 0(fc-i/4)) as fc^oo (4.60) 

like in (j4.54p . This last estimate holds uniformly for < i < bj{l — fc^'^/*) and 
j = l,...,n. 

Next, we derive an asymptotic approximation of la.kij, t) for k — > oo. In a first 
step we redo the variable transformation (|4.10l) by the substitution 

z = ±-{C-a,,). (4.61) 

From the definition of rjk in (I4.12p we get 

l + z + rjkiz) ^ 1 - -^rjik^z + ajj) = 1 - ^^-^(C). 

The integration path Co transforms into 

Ci,fe := {^k'/'')dB + ajj, 

and the choice of the constant i? > in Lemma [12] can be assumed to be so large 
that all functions tj, j — 1, . . . ,n, are analytic in { |(^| > i? — \ajj\ — 1 } for k > ko- 
Consequently, { |C| = i?} is an integration path equivalent (homolog) to Ci.^ for 
each j = I, . . . ,n and k > k^. From the definition of Iy,,k{j,t) in (I4.59P and from 
(I4.14p . we then have 

Since all functions tj, j ~ 1, . . . ,n, are bounded on { |C| ^ R}, we have 

(l-^r,(C))-'^=e*"^(^) (l + 0(fc-i)) as fc ^ oo 
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uniformly for |C| = R, < t < bj{l — A;^'^/'*), and j — I, . . . ,n, which yields 

/3,fe(j,i) = ii^^^ / ^'^"'^'^dC as k^oo. (4.62) 

\C\=R 
The error term 0(fc~^) holds uniformly for < t < bj{l — fc^"^/^), j — I, . . . ,n. 

We need a further transformation of the integral I:i_k{j,t)- It can be assumed 
that the constant i? > in Lemma [TCI is chosen so large that from Lemma [T^ we 
can deduce that all tj, j = 1, . . . ,n, are invertible for \(\ > R— 1, and from p.38p 
in Lemma [T2l we then know that Tj{Q = \~^{() for |C| > i? — 1 and j ~ 1, . . . ,n. 
We transform /3^fc(j, i) by the variable substitution (^ — Xj{u) — t^ (u). The new 
integration path Cj, j = 1, . . . , n, is defined as 

Cj := Tj{RdB), j ^l,...,n. 
From (|4.62p we then get 

2711 kbj Jc- ■' 



2ni k bj 

*2 



e^^i^)+t"(X'.(u) + t)du - t j e^^(")+*"du 



2^* /c6, Jc^ ^ ^ 

Integration by parts shows that the first integral in the second line of (|4.63l) is 
identical zero. The error term 0(fc~^) in (j4.63p holds uniformly for < t < 5^(1 — 
fc-3/4),j = l,...,n. 

The two estimates (|T^ and (ITB5)) together with (1135)) and (|ITTS)) in Lemma 
[17] prove Lemma [21] for case (c). 

Case (d): We assume that the condition stated in the fourth line of (j4.52p 
holds true. Under this condition the proof of Lemma [21] practically is a combination 
of the strategies applied in case (b) and case (c). As integration path for Ii.k{j,t) 
we now take 

r3,fc := [(FoXA;'/") U (5A-'/^ n Int(Fo))] U ^A^'^" = F4,fc U Co (4.64) 

for k > ko, where F4_fc = (Fo\A^ ' ) U (i9A^ ' nlnt(Fo)) has the same orien- 
tation as Fq with the necessary completion on the modifications close to the origin, 
F4.fe cuts M in (—1,0), and the second curve Co = dAj^ is oriented counter 
clockwise. Contrary to case (c), the two curves F4_fe and Co are now no longer 
disjoint. 

Obviously, the integration path T^^k is equivalent to 

r3,fc := (Fo\A^'/*) U {dAf/^ n Ext(Fo)). 

The curve Fs.fe has the same structure as Fi^^ in (j4.55p . and therefore it is possible 
to derive with the same argumentation as applied there that T^^k is admissible for 
the integral Ii^k{j,t) under the condition of the present case. Consequently, also 
^3,k in (|4.64p is admissible for Ii^kij,t)- 

Like in case (c), the two integrals li^kiJT^) ^^d l5^k{j,t) are defined by 

h,k{3.t) 




Co (- + l + ^jfe(2))V 
+ 4,fc(j,i), (4.65) 
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and they will be analyzed separately. 

The asymptotic analysis of the integral l4^k{j,t) for fe — ?► oo practically is a 
duplication of the analysis done in case (b) . Because of the second line in (j4.38p , 
Lemma mi is applicable also now, and therefore all steps in the analysis of case (b) 
can be repeated. Analogously to the conclusion made after (|4.57p . we deduce that 

/4,fe(j,i) = /o,fe(j,i)(l + 0(fc-i/^)) as /c^oo (4.66) 

uniformly for bj{l — k^^^^) < t < bj and j — I, . . . ,n. 

The asymptotic approximation of the integral l5,k{j,t) in (|4.65p for fc — > cxi 
is done in exactly the same way as the approximation of l3^kij,t) for fc — )> cxd in 
case (c). Starting point for the procedure is the variable transformation (14. 61^ : all 
subsequent steps from (j4.6ip until (J4.63I) are then repeated in an identical manner 
such that at the end we get the estimate 

/5^fc(j, i) = ^ili^i^i-e-'^- / e^^(")+*"du as fc ^ oo (4.67) 



27ri kbj jq. 

uniformly for bj{l — fc^'^/^) < t < bj and j = I, . . . ,n, which is the analog to (j4.63p . 

The two estimates (ITTO)) and (H?^ together with (f^M\\ and (f^JE\\ in Lemma 
[T7] prove Lemma [m for case (d). 

With the four cases (a) - (d) we have completed the proof of Lemma [2T] At 
the beginning of the present subsection, immediately after the statement of Lemma 
[5l] in the proof of Proposition ^ it has already been mentioned that a completion 
of the proof of Lemma [^T] also completes the proof of Proposition [31 and so the 
principal task of the present section has been brought to a close. 

5. Inversion of the Laplace Transform 

In the present section we shall use the Post-Widder inversion formula for 
two purposes: Firstly, we shall prove the existence of the measure ha,b in (|1.2I) . 
and secondly, we shall verify the representations (|1.12p through (J1.14p in Theorem 
[51 Starting point of the analysis is the asymptotic approximation of /'^'^^ (k/t) for 
A: — > oo in Proposition [2l in last section. 

5.1. The Post-Widder Inversion Formula. For easier reference at 

later places, we first assemble several results related to the Post-Widder inver- 
sion formula for Laplace transforms. For general reference we use the book |19j by 
David V. Widder. 

Definition 5. For F E C°°(]R+) we define the operator Lt^k by 

J^t,fe(J^) := ^ (y) F^'H^) for t>0, fc G N. (5.1) 

This operator is a core piece in all results connected with the Post-Widder inversion 
formula. 

We start our compilation with two theorems, in the first one the existence 
problem is addressed, while in the same one we give a version of the Post-Widder 
inversion formula that is general enough for our needs. 

Theorem 3. (cf. ^19, Ch.VII, Theorem 12a]; For F e C°°(R+) the existence of a 
(possibly signed or complex-valued) measure fi on M+ of bounded variation with 



F{t) = r 

Jo 



e-*'d^i{s) (5.2) 
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is equivalent to the existence of a constant M < oo such that 

POO 

/ \Lt,k{F)\ dt < M for each fc = 1, 2, . . . (5.3) 

Jo 

We have \\^\\ < M. 

Theorem 4. (cf. |19l Ch.VII, Theorem 7a] j If F is given by \5.S\) with a measure 
fjL on M+ of hounded variation, then we have 

/■* 1 

lim / LuAF)du ^ ^l{{Q,t)) + -^l{{t}) for each t > 0, (5.4) 

and 

lim F{t) = ti ({0}) . (5.5) 

t— >oo 

In Theorem 7a of [191 Chapter VII] it has been assumed in addition to the 
assumptions made in Theorem |4] that the abscissa of convergence of the Laplace 
transform (j5.2p is finite. But this assumption is already a consequence of our 
somewhat stronger assumption that the measure fi is of bounded variation (cf. |19l 
Ch.II, Theorem 2.1]). 

In our investigations the absolutely continuous and the discrete component of 
the measure /i in (|5.2I) are of special interest. Their recovery is addressed in the 
next two propositions, which are special cases of Theorem 21 

Proposition 3. (cf. |19. Ch.VII, Theorem 6a]^ Let the same assumptions hold as 
in Theorem^ and assume in addition that ji is absolutely continues with a density 
function /i'. Then we have 

lim Lt.k{F) = ^i'{t) (5.6) 

for every Lehesgue point t G M+ of the density function fi' . 

Proposition 4. (cf. [19, Ch.VII, Theorem 9] j Under the same assumptions as in 
Theorem^ we have 

lim(-l)^(f)'^W(^) =/i({t}) /or i>0, (5.7) 



and limt^oo F{t) = m({0})- 

5.2. Existence of the Measure ^a,b in (|1.2p . In the present subsec- 

tion we address the existence problem for the measure fJ.A,B in d 



Proposition 5. There exists a measure ij-a,b on M+ of bonded variation such that 
for the function f from il.l]) we have f = C^fiA.s), i-e-, the measure ^a,b satisfies 

mm. 



Remark 5. At the present stage of analysis it cannot he excluded that fiA,B is a 
signed measure. 

Remark 6. It has already been mentioned earlier in the preview of the present 
section (cf, Suhsection \1.5.4^ that the existence of the measure jj,a,b in lil.S\) had 
already been proved in [14j and [15] hy a different method. The inclusion of a 
new existence proof in the present investigation has been done in the interest of a 
methodological homogeneity of the investigations. 
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Proof. The proof of Proposition [5] is based on Theorem[31 i.e., we shall show 
that there exists a constant M < oo such that condition (|5.3p is satisfied. 
From (|5.ip in Definition [5] and from (|4.ip in Proposition [2] it follows that 



^-(/)-^7 ^"^(7)- 



(5.8) 



0(fc-i/4)^ 






J = l 



for fc — >■ 00, t > 0, and the error term 0(fc ^/'^) holds uniformly for all t > 0. 
Because of this uniformity, there exists Mq < 00 with 

1 + 0(fc"i/^) < Mo for all fc = 1, 2, . . . (5.9) 

The functions Xj, j — 1, . . . ,ri, in (15. 8p have been introduced in Definition [2l 
and as it has been assumed in Proposition [2j each integration path Cj in (jS.Sp is a 
positively oriented Jordan curve with the property that the corresponding function 
Xj is analytic on Cj and in its exterior. We introduce the two integrals 



^l:fej 






fc = l,2,...,j = l,.. 



I2,k '■= TT' 



and deduced from dS' 




and (E 



E 

t<bi 



5A,(C)+tCrf^ 



that 



dt, 



\Lt,k{F)\dt < Mo 



E' 

i=i 



'Il,k,j + l2,k 



1,2, 



for fc= 1,2, 



(5.10) 
(5.11) 

(5.12) 



For the integral Ii.k.j we have the estimate 



2tt 



kdu 



k f"° ,bi,.dt Ik, , ,,_^ 







t ' t 



e'='*(")dt, 



= 1 





o(t-') 



^\/d^=""'(i + «('-)) 



as fc — > cx), j/ = 1, . . . , n, 



(5.13) 



with h(u) an abbreviation for the function — log^(u). Indeed, in (|5.13p the second 
equality follows from a variable transformation u = bj/t, the third one from partial 
integration and iIj{u) = ue^~", the fourth one follows from the Laplace method as 
stated in (j4.ip and (J4.20L where we now have taken a = 0, b = 00, and the role of 
a; = is played by u = 1. We have h{l) = and h"{l) — 1, which then verifies the 
last equality in (j5.13p . From (I5.13P it follows that there exists Mi < 00 such that 

Ii,k,j < Ml for all fc = l,2,..., and j = 1, . . . ,n. (5.14) 

Next, we derive an estimate for the integrals l2^k, k — 1,2, . . .. From assertion 
(iii) in Lemma [S] in Section [3] we know that all n functions Ai, . . . , A^ are analytic 
in a punctured neighborhood of infinity. Therefore, we can choose all integration 
paths Ci , . . . , C„ in (j5.1ip to be identical to a single smooth Jordan curve C with 
the property that the functions Ai, . . . , A„ are analytic on and outside of C. From 
Lemma [13] in Section S] it follows that 



c 



E 

t<bj 



e>^AO+tC^(^ ^ Q foj-ah 0<t<bi and bn<t, 



(5.15) 
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which implies that (|5.1ip speciahzes to 



l2,k 



2tt 



^e^.(C)+*Crf^ 



t<6i 



dt for fc = l,2,.. 



(5.16) 



From the properties of the functions Ai, . . . , A„ on the smooth curve C, it further 
follows that there exists a constant M2 < 00 such that 



1 

2^ 



y^eA,(c)+tc 



t<6,- 



< M2 for all C e C and 61 < i < 6„, 



from which we deduce that 

l2,k < M2 [hn - h) length(C) for ah fc = 1, 2, 



(5.17) 



(5.18) 



After these preparations we conclude from (|5.10l) . (IS.lip . (I5.12p . (|5.14p . and 
([Qg]) that 



\LtAf)\dt < Mo 



Ah J2 s"" + ^^2 (bn - hi) length(C) 



=: M (5.19) 



for all k — 1,2,..., and consequently by Theorem [3] it is proven that there exists a 
measure ^a,b on R+ of bounded variation that satisfies (|1.2I) . We have ||/iyi.s|l < 
M. ' ' D 



5.3. Proof of the Formulae (|1.12p through (|1.14p . In the present 

subsection we shall prove the representations (J1.12p through (|1.14l) in Theorem [5] 
for the measure fiA,B- Because of Assumption 1 in Section [5] we can take 



bj = bj and a 



n 



-^n 



for j = l,.. 



(5.20) 



in (fTT^ through (|LTi)) . 

In a first step we use Theorem |4] for getting an asymptotic representation for 
the distribution function ^a,b ([0,i]), t G M+. From Proposition [5] we know that 
we can assume fJ-A,B to be of bounded variation. Theorem|3]is therefore applicable, 
and it yields that 



fJ'A,B {[0,t] 



lim 



Lu,k{f)du 



(5.21) 



for each t > with fJ.A,B ({0) — 0- Further, it follows from Theorem 2] that 

t^A,B ({0}) = lim fit). (5.22) 



In (j5.2ip and (|5.22p . / is the function from (|l.ip . From Assumption 2 in Section 
[2] together with (j3.30p in Lemma |9] and p.6p in Lemma \6\ of Section [3l we deduce 
that 



^^iA,B ({0}) = lim fit) = lim Ve^^W = 0. 



(5.23) 



In the next three subsections we shall exploit relation (I5.2ip and (j5.23p . In the 
first one we shall consider the discrete part of the measure ^a,b, then we shall show 
that /iA,B|[o.bi)u(f)„,oo) = 0, and in the last subsection, we shall verify the formulae 
(1113)) and (fTTil in Theorem H 
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5.3.1. The Discrete Part of the Measure ^a.b- We prove the following 

lemma. 

Lemma 23. The discrete part ^d of the measure ^jla,b is given by 

n n 

with Sx denoting the Dirac measure at x. 

Remark 7. The second equality in ^5^2^ is a consequence of !15.20\) . i.e., of of 
Assumption 1 in Section\^ 

Proof. The proof of (j5.24p follows rather immediately from Proposition |4] 
together with the Corollaries [TJ [2l and |3] to Proposition [2] in Section |4l 
Combining Proposition 2] with Corollary [T] yields 

A^a,b({6,})= lim(-lf(f)^/W(A) 

k^oQ Oj Oj 

= lim (-l)'=(^)'=(-l)'=(^)'=^e"^-^- = e"" (5.25) 

fe— >-oo bj 6 

for each j £ {1, . . . , n}. 

On the other hand, we deduce from Corollary [2] and [3] that for each t € 
(0, oo) \{fci, . . . , bn} we have 



f{k)r^\ _ 7,1 /^M 



fc+l 
fW(-) ^ k\l-\ 0(1) as fc^oo. (5.26) 

Indeed, for t E [bi, bn] \{bi, . . . , bn}, estimate (j5.26p follows from Corollary [2] com- 
bined with estimate (|5.17p . In order to prove (j5.26p for t e (0,6i) U (6„,oo), we 
first deduce from (14.21) that we have 

_ ?,, _ \ 

as fc — >■ oo, 



O (^^/fc^(^)'=-l) = o (^x/fc^(^)^-) =o(l) 



which then proves (|5.26l) for t e (0, 6i) U (&„, co) by (|4.6p in Corollary|31 

From Proposition m together with (|5.23p it follows that for each t e M+\{6i, 
. . . , bn} we have 

M^,B (W) = hm i^rf'^'^H^) = lim ij^kl (I) 0(1) 

= hm fc!(£)'io(l) = 0, (5.27) 



where the last equality is a consequence of Sterling's formula fc! = fc'^e '^vfc27r (1+ 
0(fc"i)) as fc -i> oo. Putting (jOSl) and ((07| together yields that 

{e°-" for t = bi, 7 = 1, . . . , n 

for te]R+\{6i,...,6„}, 

which verifies (j5.24p . D 
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5.3.2. The Measure ha,b outside of [6i,&„]. In the present subsection we 

prove the following lemma about the support of the measure fiA,B- 

Lemma 24. We have 

snppipA,B) C [bi,bn] = bi,bn . (5.29) 

Proof. Let [^1,^2] be an arbitrary subinterval of [0, 61). Because of Lemma 
[53] we can deduce from Theorem [H and Corollary [3] to Proposition [5] together with 
([5?T|) in Definition [5] that 

MA,B([ii,i2]) = (1 + 0(1)) / LtMf)dt 

Jti 

= 0(fci/2) /■'^(^)fc-irfi (5.30) 



t 



M. 



= O (k^'A i^i — f-^ ^ o{l) as fc->oo. 

Indeed, the first equality follows from (15. 4p in Theorem H) Notice that from (j5.24p 
in Lemma [^ we know that ^a.b ({^i}) = ^-a.b ({^2}) = 0. The second inequality in 
(I5.30p follows from the first line of (j4.6p in Corollary[3]together with (j5.ip . Since the 
error term 0{k^/'^Tp{bi/t)^~^) in (|4.6I) holds uniformly for t G (0, 61), it is possible to 
move 0(fc^/^) out of the integral in the second line of (I5.30p . and the third equality 
in (|5.30p follows from the monotonicity of the function -0 in (0, 1) (cf., (|4.2p ). The 
last equality is a consequence of ^'(^1/^2) < 1, which has been shown in (j4.2p . 

From (I5.30p we deduce that ^a,b ([^i, ^2]) — 0, and since [ii, ^2] was an arbitrary 
subinterval of [0, &i), this implies that 

Ma,b|[o,6i) = 0. (5.31) 

The complementary identity /iyi.s|(b„.oo) = can be proved in exactly the same 
way as (I5.3ip . only that in Corollary |2]we have to use the second line of (|4.6p instead 
of the first one, and in (j4.2p we observe that the function ■)/) is also monotonic and 
smaller than 1 in the interval (l,oo). Both identities together prove (|5.29p . The 
equality in (|5.29l) is a consequence of (|5.20p . D 



5.3.3. The Density Function wa,b- We prove the following lemma. 

Lemma 25. The difference ^a,b — l^d is an absolutely continuous measure, where 
lid is the discrete component of IjLa,b as stated in \5.24^ . For the density function 
wa,b of ijla,b — tid we have the representations 

WA.Bit) = - E ^ / e^^'^'^^^^^dC (5.32) 

and 

WA.Bit) = E i f e^^(^)+*«dC (5.33) 

fort G [bi,b„]. In h5.32\) and h5.33\) the objects Cj and Xj are same as in Theorem 
\^ or in Proposition\^ The function wa,b is continues in [61, 6„] \{&i, . . . , bn\, and 
bounded in [61, 6„]. 

Remark 8. The assertions of Lemma\^ are the main contribution to the proof of 
Theorem [H 
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Proof. It follows from Lemma [15] that the two representations (|5.32p and 
(|5.33p are identical for each t e [bi,bn] \{bi, . . . , 6„}, and it also follows from this 
lemma that both functions are identical zero for t G K+\ [bi , &„] . 

Let now the function w be define by 

w(i) := - V — / e^^('^)+*'^dC for t e R+ (5.34) 

"^^ zni Jr 

with Cj and \j the same objects as in (|5.32p . We will prove that 

lim Lt.kif) — w{t) locally uniformly for t E [bi, &„] \{6i, . . . , fo„}. (5.35) 

A:— ^oo 

Indeed, it follows from the first line of (J4.5D in Corollary [5] to Proposition[5] together 
with ((5T1 in Definition \E\ and ((04| that 

= (l + 0{k-'^^^)\ w{t) as fc^oo. (5.36) 

Since the error term ©(fc^^^"*) in (14.5^ of Corollary [5] holds uniformly on compact 
subsets of [bi,bn] \{&i, ■ ■ ■ ,bn}, the convergence in (|5.35l) is locally uniform. 

Since the functions Xj, j — 1, . . . ,ri, are independent of i, the continuity of 
the function w in [bi, 6„] \{6i, . . . , &«} is immediate, and from (j5.17p it also follows 
that w is bounded on [bi , &„] . 

From (|5.2ip and the locally uniform convergence (|5.35p it follows that the 
distribution function Fa. sit) '■= fJ'A,B ([0,i]) is continuously differentiable for each 
t € [bi, bn] \{&i, . . . , 6„}, and the derivative is given by 

FaM*) = ^(i) for t e [fei, 6„] \{bi, ..., 6„}. (5.37) 

From (|5.37p together with (|5.34p we deduce (I5.32p . and (|5.33l) then follows from 
the remark we had made just at the beginning of the proof. D 

For a verification of the representations (|5.32p and (|5.33p we could also have 
used Proposition [3] However, in Lemma [25] we have also proved the absence of a 
singular component in the measure iia,b, and for this purpose we have needed the 
more general assertions of Theorem [J] 



5.4. Conclusion for the Proof of Theorem [T] and [2j With Propo- 

sition [5] we have settled the existence question for the measure fJ-A,B in Theorem 
[TJ however, the question of positivity of fJ.A,B is still open. With the Lemmas [23] 
[24l and [25j all assertions in Theorem [2] have been proved except for the positivity 
assertion. While the positivity of the discrete component of the measure fJ.A,B is 
obvious from representation (|1.12p . it remains to show that the density function 
wa,b is non-negative. 



6. Proof of Positivity 

In the present section we shall prove that the measure fiA.B is positive. 
The essential problem is here to show that the density function wa,b in (|1.13p and 
(|1.14p of Theorem [5] is non- negative in [6i, 6„] \{&i, . . . , 6„}. Together with the 
results from the last section this will then complete the proof of Theorem [1] and [5] 
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6.1. A Preliminary Assumption. In a first version of tlie proof of pos- 
itivity we make the following additional assumption, which will afterwards in Sub- 
section [63] be shown to be superfluous. 

Assumption 3. The polynomial g{X,t) in equation I13.1\} . which is identical 
with the polynomial in il.lOp . is assumed to be irreducible. 

As a consequence of the irreducibility several definitions from Section [3] possess 
now specific properties. We list them together with some additional notions and 
definitions: 

(i) The solution A of equation i3.1\) is an algebraic function of degree n (cf., 

Subsection 13. ip . 
(ii) The covering manifold TZ\ over C from Subsection 13.21 is now a compact 
Riemann surface with n sheets over C. Like before, by nx : TZ\ — > C we 
denote its canonical projection, 
(iii) The n functions Xj, j — 1, . . . , n, from Definition [5] in Subsection 13.21 are 

n branches of the algebraic function A. 
(iv) By Cj, j = 1, . . . ,n, we denote n Jordan curves that are all identical with 
a single curve C C C, and this curve is assumed to be smooth, positively 
oriented, and chosen in such a way that each function Xj, j ~ I, . . . ,n, is 
analytic on and outside of C. 
(v) By g we denote the lifting of the complex conjugation from C onto TZ\, 
and call it reflection function, i.e., g is a continuous mapping from TZ\ 
onto TZx with TT\{g{C)) — 7I'a(C) for all ( e TZ\. By TZ+ C TZ\ we denote 
the subsurface TZ+ := { z G TZ\ \ Im7rA(2;) > }, and by TZ- C TZ\ the cor- 
responding subsurface defined over base points with a negative imaginary 
part. 

6.2. The Main Proposition. The proof of positivity under Assumption 
3 is based on assertions that are formulated and proved in the next proposition. 

Proposition 6. Under Assumption 3 for any t G (6/, 6/+i) with I G {1, . . . , n— 1} 
there exists a chain 7 of finitely many closed integration paths on the Riemann 
surface TZ\ such that 

Inie^(C)+t^A(0 = for all ( e 7, (6-1) 

1 ^e^(C)+*-A(C)rf^ < 0, (6.2) 



27rz j^ 



27ri /I ^-^ 27rj 



eMC)+t-A(C)rf^ = _ y ^ i e^^«+*^dz, (6.3) 



d 



and as a consequence of \6.2]) and \6.S\) we have 

gA,(^)+t2^^ > 0. (6.4) 



bj<t 

In fi6.1]) through \6.4-^ the objects ttx, X, Xj, Cj, j — 1,...,/, possess properties 
that have been listed in (ii), (i), (iii) and (iv) in the last subsection. 

The proof of PropositionlHlwill be given after a preparation by two lemmas and 
several technical definitions. Throughout the subsection the numbers t G (6/,6/+i) 
and / G {1, . . . , n — 1} are kept fixed, and Assumption 3 is taken to be effective. 

We define 

C± :- {Ce7^A| ±Im(7rA(C))>0, ± Im(A(C) + t^A(C)) > }, 

D := Int {D+ U DJ) . (6.5) 
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The set D C TZx is open, but not necessarily connected. Since the algebraic function 
A is of real- type, we have g{D±) = Dz^ with the reflection function g from (v) in 
the last subsection. Further, we have D± C Tl± with Tl± defined in (v) in the last 
subsection. 

By Cr C TZx we denote the set of critical points of the function Im(A + tirx), 
which is at the same time also the set of critical points of Re(A + tirx), and the 
set of zeros of the derivative {X + t-Kx)' . Since TZx is compact, it follows that Cr is 
finite. 

Lemma 26. (i) The boundary dD C TZx consists of a chain 

7 = 71 H ^IK (6.6) 

of K piece-wise analytic Jordan curves 7fe, k = 1, . . . , K . The orientation of each 
7fe, k — 1, . . . , K, is such that the domain D lies to its left. The curves ^k, k — 
1,...tK, are not necessarily disjoint, however, intersections are possible only at 
critical points C, G Cr. 

(a) Each Jordan curve jk, k — 1,...,K, is invariant under the reflection 
function g except for its orientation, i.e., we have g{jk) — ~lk for k — 1, . . . , K . 

(Hi) Let 2sfe be the length of the Jordan curve jk, k = 1,...,K. With a 
parameterization by arc length we then have 

7fe : [0,2sk]^dDcTZx. 

The starting point of each "fk can always be chosen in .such a way that 

-fk{{0,Sk))(ldD+\7r^\R) and jkiisk,2sk))(ldD^\n^\R). (6.7) 

(iv) The function Re (A o 7^. + i (7rA0 7fe)) is monotonically increasing on (0, 
Sfc), monotonically decreasing on (sfe,2sfe), and these monotonicities are strict at 
each C € 7fc\(Cr U tt^^K)). 

Proof. The function Im(A + i7rA) is harmonic in 7?.A\7r^^({oo}). As a system 
of level lines of an harmonic function, dD consists of piece- wise analytic arcs, their 
orientation can be chosen in such a way that the domain D lies to the left of dD. 
Since dD\Cr consists of analytic arcs, each ( e dD\Cr locally touches only two 
components of TZx\Cr, and locally it belongs only to one single Jordan subarc of 
dD\Cr. Globally, for each ( S dD there exists a Jordan curve 7 in dD with C G 7) 
but this association is in general not unique. By successive exhaustions, it follows 
that dD is the union of Jordan curves. These curves may intersect, but because of 
the Implicit Function Theorem, intersections are possible only at points in Cr. 

It remains to show that the number of Jordan curves in dD is finite. Indeed, 
because of the harmonicity of Im(A + t ttx) in TZx\tt^ ({00}), none of these curves 
can be nuU-homotop in TZx\Trx d'^})' ^^'^ ^ly the same reason, two different 
Jordan curves can also not be homotop in 7?.A\7r^^({oo}). Consequently, it follows 
from the compactness of 7?.a that the total number of curves is finite. With this 
last statement we have completed the proof of assertion (i) . 

Since A is a function of real-type, we deduce by the reflection function g that 



i\og)iC) + t{7rxog)iC) = X{C)+t7rxiC) for C e 7^A, 

and therefore also that 

g{dD) = dD, (6.8) 

which implies that we can select the Jordan curves jk in (16.61) in such a way that 
we have g{'yk) = ^Ik for each k = 1, . . . , K , which proves assertion (ii). 
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With a parameterization by arc length, each jk, k — 1, . . . , K, is a mapping 
of [0, 2sfc] into dD. From (j6.8p and the fact that 7^ is a Jordan curve, we deduce 
that 7fc n TT^ (M) consists of exactly two points. If we choose the appropriate one 
as starting point, then (J6.7I) is satisfied. 

The monotonicity statements in assertion (iv) are a consequence of the Cauchy- 
Riemann differential equations applied to the function X + tnx and the particular 
choice of orientation in each of the curves 7^, k = 1, . . . ,K. Indeed, the fact that 
D is assumed to lie to the left of jk implies by (|6.5p that 

^Im(A(C) +i7rA(C)) > for each C e 7fc n (7^+\Cr), (6.9) 

on 

and consequently we have 

— Re(A(C) +tT:xiO) > for each C&lkn (7^+\C^) (6.10) 

ot 

by the Cauchy-Riemann differential equations differential equations. In (|6.9p . d/dn 

denotes the normal derivative on 7^ showing into D, and in (j6.10p . d/dt denotes 

the tangential derivative. In TZ- , we get the corresponding inequality 

|-Re(A(C)+t^A(C)) < for each C e 7fc n (7^_\Cr). (6.11) 

ot 

From (|6.10l) and (|6.11l) together with (|6.7I) we deduce the monotonicity state- 
ments in (iv), which completes the proof of Lemma E51 D 

Lemma 27. We have 

— I e^('^)+*"'^('^)dC < for each k^l,...,K. (6.12) 

Proof. We abbreviated the integrand in (I6.12p by 

g(C):=e^(0+*C^ C e 7^A\^,-\{oo}) 

and assume fc S {1, . . . , K} to be fixed in (J6.12I) . 

From assertion (i) in Lemma |26I we know that lmg{(^) = for all C € 7^-, and 
from assertion (iv) that Re (7(C) = 5(C) is strictly increasing on 7^ n {TZ+\Cr). 
From the proof of this last assertion it is evident that also the following slightly 
stronger assertion 

{9 ° 7fc)'(s) > for 0<s < Sk and jk{s) i Cr (6.13) 

holds true. From (|6.7p in assertion (ii) of Lemma B51 we know that 7fc n 7?.+ is the 
subarc 7fc | (g ^ ) • ^^ further follows from (|6.7I) that we have 

Im7fc(0) = Im7fc(sfe) = and Im7fe(s) > for < s < Sfc. (6.14) 

Let the coordinates C — C + * ^7 a-nd the differentials dC, = d^ + id-q be lifted from C 
onto TZ\. Taking into consideration that Q{'~fk) — ~"fk, (?(c^C) — dQ, and {go q){Q) = 
g{C) = .9(0 for aU C G 7fc, we conclude that 

^ '' giOdC^^f _ ■■■ + ^■1 _ giOidi + ^d^) 



= - f giOd-n = - f \go 7fc)(s) im {^k'is)) ds (6.15) 

^ J-fknD+ TT Jo 

1 /""= 
= / (5 °7fe)'(s)Im(7fc (s))ds < 0. 

71" Jo 

Indeed, the first three equalities in (|6.15p are a consequence of the specific symme- 
tries and antisymmetries with respect to g that have been listed just before (j6.15p . 
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the last equality follows from partial integration together with the equalities in 
(|6.7p . and the inequality is a consequence of (|6.13p and (|6.14p . D 

Proof of Proposition [BJ The chain 7 of oriented Jordan curves (j6.6|) in 
Lemma [IHl is the candidate for 7 in Proposition [S] The equality in (|6.1[) and the 
inequality in (I6.2p have been verified by Lemma [^ and [?7l respectively. It remains 
to prove identity (I6.3p and its consequence (I6.4p . 

As integration paths Cj, j = 1, . . . ,/, in the integrals on the right-hand side 
of (|6.3I) we take the Jordan curves from assertion (iv) in the last subsection, and 
choose the curve C so close to infinity that we have 

Im(Aj(z)+tz) > for all z e C, j = 1, . . . ,/, (6.16) 

and 

Im(Aj(z)+tz) < for aU z e C, j = /+l,...,n. (6.17) 

Such a choice is possible because of p.6p in Lemma [B] of Subsection 13.11 and the 
assumption 61 < ... < bj < t < 5/-|_i < ... < &„. 
Next we define 



Do := i?\7r;^\Ext(C)) C Ux- (6.18) 

From (J6.16I) . (J6.17I) . and (j6.5p it follows that exactly / of the n components of 
7r^^(Ext(C)) are contained in D. The complete set 7r^^(Ext(C)) consists of n 
separate components since all branch points of A are contained in 7rj^^(Int(C)). 
Each of the n components Cj C TZx, j = I, . . . ,n, oi 7r^"'^(Ext(C)) lies in a different 
sheet S^' , j — 1, . . . ,n, of the system of standard sheets introduced in Lemma [7] 
in Subsection 13.21 The enumeration of the sheets S)^ corresponds to that of the 
functions Xj as stated in (|3.29p . Let Cj C TZ\, j — 1,. . . ,n, denote the lifting of 

the oriented Jordan curve C C C onto S\^ C 7l\. We then have 7r\{Cj) — Cj for 
j — 1, . . . ,Ti, and from (I3.29P it follows that 

A(C) = A,(^a(C)) for CeQ, j = l,...,ri. (6.19) 

Since Cj = dCj for j = 1, . . . ,n, the open set Dq lies to the left of each Cj . Together 
with assertion (i) of Lemma [26l it follows from (|6.18p that the chain 

7 + Ci + • • • + C/ = 71 + • • • + 7R- + Ci + ■ ■ ■ + C/ c 7^A (6.20) 

forms the positively oriented contour ODq of Dq. By Cauchy's Theorem we then 
have 

1 



HO+t^.iOd( = 0. (6.21) 



The equality in (|6.3p follows immediately from (|6.21l) and (|6.19p . The inequality in 
(|6.4p is a consequence of (|6.2p and (j6.3p since we have 

bj<t ■^'-'J j = l ■'^1 

-1 /'eA(c)+t..(C)rf^ > 0_ (6.22) 

D 



27rj ,1^ 
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6.3. A Preliminary Proof of Positivity. With Proposition [S] we are 
prepared for a proof of Theorem [T] and [H which has a preliminary character since 
it requires Assumption 3 because of Proposition [6l 

Proof of Theorem [T] and [2] under Assumption 3. The existence of the 
measure ha,b in. Theorem [T] has been proved in Proposition [5] of Subsection 15.21 
Its representation in (I1.12p through (J1.14p in Theorem [2] has been verified in the 
Lemmas [ ^ [M l andSSl 

The positivity of the measure ^j-a.b follows by a combination of two arguments: 
From representation (|1.12p in Theorem [2] it is obvious that the discrete part 

n n 

dfid = Y.^'^^h, = Y.^'^^^b, (6.23) 

of the measure ^j-a.b is positive. 

As a second contribution it has been shown in (|6.4p of Proposition [S] that the 

density function wa,b in (|1.13p of Theorem[2]is positive on 6i, 6„ \{6i, . • . , bn} = 

[bi,bn]\{bi, . . . ,bn}- The validity of (|1.13l) in Theorem [5] has been proved in 
Lemma [551 and relation p.lSp in Theorem [2] has been proved by (J5.29I) in Lemma 
[24] in the last section. 

In the present proof we have needed Assumption 3 since Proposition [5| would 
not hold true in its given form without this assumption. D 

Actually, under Assumption 3, relation (jl.lSp in Theorem [2] can be proved in 
a slightly stronger form. 

Lemma 28. Under Assumption 3 we have 

s\rpY>{jiA,B) == [6i,6n] = bi,bn ■ (6.24) 

Proof. The lemma is an immediate consequence of (j6.4p in Proposition [S] 
together with the representations (|1.12p and (|1.13p in Theorem [2| and (|5.29p in 
Lemma [211 in the last section. D 

6.4. The General Case. In the present subsection we shall show that 
Assumption 3 is actually superfluous in the proof of Theorem [1] and [21 For this 
purpose we have to revisit some definitions and results from the Subsections 13.11 
and[S21 

If the polynomial g{\,t) in p.ip is not irreducible, then it can be factorized, 
and we have m > I irreducible factor polynomials 5(/)(A, t), I — 1, . . . ,m, oi degree 
ni in (|3.ip . For the partial degrees ni we have ni + . . . + n„i — n. Each polynomial 
g[i){X, t), I = 1, . . . ,m, can be normalized in accordance to (j3.4p . 

The m polynomial equations (|3.2p define m algebraic functions A(/), I — 1, ... , 
m, and each of them has a Riemann surface TZ\^i, I = 1, . . . ,m, with ni sheets over 
C as its natural domain of the definition. The solution A of equation p.ip consists 
of these m algebraic functions that have just been mentioned, and its domain of 
definition is the union p.27p of the m Riemann surfaces TZ\^i, I = 1, . . . ,m. 

Each algebraic function A(;), I = l,...,m, possesses ni branches Xi^i, i = 
1 , . . . , n; , which are assumed to be chosen in accordance to Definition [2l except for 
the new form of indices. As after p. 41) . we again denote by j : {{l,i), i = !,...,«;, 
I = 1, . . . ,m} — >■ { 1, . . . , n } the bijection that establishes a one-to-one correspon- 
dence between the two types of indices. We can assume that the correspondence 
has been chosen in such a way that 

bj{i,i) < ■ ■ ■ < bjd^n^-^ for each ? = l,...,m (6.25) 
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and that in (I3.6P of Lemma [H] we have 

>^jil.i)it) = k.ii't) = (^3(l,i),3{l,i) -bjil-i)i + ^i^/i) as t ~> CO (6.26) 

for i — 1^ . . . ,ni, I — 1, . . . ,m. 

Oriented on (|1.13p in Theorem [5] and (|5.33p in Lemma [IHl we define 

"' 1 r 

WA,BAt) --^ E ^f e^'-(^HtCrf^ / = l,...,m, (6.27) 

1=1, 6j(,.i) <t •^C''.' 



where C;.i = Cj(i.i) denotes the same integration paths as in (|5.33p . From the new 
definition it folfows that in (j5.33|) of Lemma [25] we have 

m 

;=i 
If Assertion 3 is satisfied, then the new definitions remain consistent in a trivial 
way with m = 1. 

In the general proof of Theorem [1] and [5] the next proposition will take the role 
of Proposition El it is no longer demanded that Assumption 3 is satisfied. 

Proposition 7. (i) For each Z € { 1, . . . , ?7i } with ni — I we have 

WA^sAt) ^ for all t e ]R+\{6j(,,i)}. (6.29) 

(ii) For each Z € { 1 , . . . , ?7i } with ni > 1 we have 

... / > V «^^ t e [fej(/,i),6j(,,„o] \{bj{i,i), ■ ■ • ,&j(i,«,)} ,„ „„^ 

T/ie functions wa,b.i, I ~ I, ■ ■ ■ ,rn, are bounded throughout M+. 

Proof. The equality in (|6.29p and in the second line of (|6.30p follows from 
(j6.27p and the analogue of Lemma \TE\ in Subsection 14.11 which can be proved for 
each complete set of branches Xi,i, i = l,...,n/, of the algebraic function A(;), 
I — 1, . . . ,m, like Lemma [15] had been proved for the branches Aj , j = 1 , . . . , n , of 
the function A. 

For the proof of the inequality in the first line of (16.301) we have to redo the 
analysis in the proofs of Lemma [^S] [13 and Proposition [5] but now with the role of 
algebraic function A, the Riemann surface TZ\^ and the branches A^, j = 1, . . . ,n, 
taken over by A(;), Ti-x^i, and Xi^i, i = 1, . . . , n/, respectively, for I = I, . . . ,m with 
ni > I. It is not difficult to see that this transition is a one-to-one copying of all 
steps of the earlier analysis, and we will not go into details. Finally, we get the 
inequality in the first line of (16.301) as analog of (|6.4p in Proposition [B] 

Since the integration paths Cj, j — 1, . . . ,n, in (|6.27p can be chosen indepen- 
dently of t e IR+, it follows that wa,b.i is bounded on IR+. D 

Finally, all pieces are together and we are ready for the general proof of Theorem 
[T]and[U and thereby also for the proof of the BMV conjecture. 

Proof of Theorem [T] and [H The general proof of Theorem [T] and [2] is very 
similar to the preliminary one in the last subsection, only the role of Proposition [5] 
is now taken over by Proposition [7] 

Again, the existence of the measure fJ.A,B in Theorem[T]follows from Proposition 
[5] of Subsection [12] 

The representations p.l2p through (|1.14p in Theorem [2] have been proved by 
the Lemmas [^ [Ml and[25j 
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Only in the proof of positivity of the measure /i^.s there is some change. 
The positivity of the discrete part (|6.23p of ^a,b is again obvious from (I1.12p in 
Theorem [2] But the proof of the non-negativity of the density function 'wa,b has 
now to be based on Proposition [71 From (J6.28I) together with Proposition [7] it 

fohows that WA,B{t) > for ah t e 6i,6„ \{6i,...,5„} = [6i, 6„]\{6i, . . . , 6„}, 

which completes the proof of positivity of the measure fJ,A,B- 

Relation (ll.lSp in Theorem [2] again follows from (I5.29P in Lemma [24j but now 
we can no longer prove (j6.28p since it can not be excluded that in some intervals of 
[^1, bn] \{&i, • ■ • , bn} all functions 'wa.b,i, Z = 1, . . . , rn, are identical zero. D 

7. Proof of Proposition [1] 

The proof of Proposition[I]is given in two steps. In a first one, the formulae 
(jl.Sp and (|1.6p will be verified. After that in Subsection 17.21 it will be shown that 
the density function wa^bIx) in (jl.6p is positive for 6i < a; < 62, which then 
completes the proof of Proposition [T] In the last subsection, representation (|1.6p of 
the density function wa,b in Proposition [1] will be compared with a corresponding 
result in }14j . 

Formally, Proposition [1] is a special case of Theorem [2l and therefore not much 
new should be expected. However, representation (jl.61) of the density function is 
much more explicit than the representations in Theorem [21 and therefore it needs a 
proof. We also give an independent proof for the positivity of this density function. 

7.1. Proof of the Representations (|1.5p and (|1.6p . Representation 

(|1.5p of the general structure of the measure ij,a,b follows as a special case from 
the analogous result (|1.12p in Theorem [2l From (|1.12p we further deduce that the 
density function wa.b can be represented as 

WA,B{x)^:^(f e^i('^)+^'^dC for bi<x<b2 (7.1) 



with Ai the branch of the algebraic function A of degree 2 defined by the polynomial 
equation 

g{X,t) =det(A/- (A-tB)) 

= (A + bit - aii)(A + b2t - a22) - |ai2p = (7.2) 

that satisfies 

Xi{t) = an - bit + 0{t-^) as t ^ 00. (7.3) 

Further, the integration path Ci in (|7.1I) is a positively oriented Jordan curve that 
contains all branch points of the function A in its interior. From (j7.2p and (17. Sp it 
follows that Ai is explicitly given by 



MO 4 



(022 + an) - (62 + bi)t+ \J[{aii - 022) + {b2 - 61) tf + 4 |ai2|2 



(7.4) 

with the sign of the square root in ()7.4p chosen in such a way that -/^~- w (62 ^ ^i) ^ 
for t near cx). Evidently, Ai has the two branch points 

022-011 . 2|ai2| , , 

62 - Oi 62 - Ol 

The main task in the present step of the proof is to transform the right-hand 
side of (|7.1I) into the more explicit expression in (|1.6p . In order to simplify the 
exponent in (17. ip . we introduce a new variable v by the substitution 
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■ V 



which leads to 
{Xiot){v) + xt{v) 

_ aiiih ~ x) + a22{x - 61) 2x~ (62 +61) 
62 - &i 62 - bi 

aii{b2 - x) + a22{x ~ bi) 
= b^^^ + ^("^ 

with 

2x- {b2 + bi) r 

5W := T T -v + V|ai2h 



v/|ai2P+t;2 (7.7) 



(7.8) 



62 - &i 

Notice that if x moves between b\ and 62, then the first term in the second fine 
of (17. 7p moves between a\\ and 022, and the coefficient in front of v in the second 
term moves between —1 and 1. The assumption made after (J7.4I) with respect to 
the square root transforms into ^|ai2p + v^ ~ v for v near cxd. It is evident that 17 
is analytic and single- valued throughout C\[— i |ai2|, i \a\2\\- From (|7.7p and (17. ip 
we deduce the representation 

i\ 2 /aii(&2 -a;) +a22(a;-6i)\ 1 / („) 

WA,B(a;) = 7 T-^^P 1 1 \^^'f (^^'dv, (7.9) 

62 - oi V 62 - oi / 27ri 7c^ 

where again Ci is a positively oriented Jordan curve, which now is contained in 
the ring domain C\ [— i |ai2|, i |ai2|]- Shrinking this curve to the interval [— i |ai2|, 
i I012I] yields that 

, N 1 f aii{b2 - x) + a22{x - bi)\ 
'^A,Bix) = -7 r^— exp X (7.10) 

(b2-0l)TT \ O2 - 61 / 



ai2| 



b2 + bi-2x 



exp -I r r V 

-laril V O2-O1 



.VTaiTP^^ _ g-Vki2p 



du, 



and further that 

/ X 4 |^ aii(b2-a:) + Q22(a;-bi) ^^ ^^ 

WA^W = 77 r^— exp 7 r X 7-11) 

(&2-Oi)7r V 62 -oi / 

/•l''^^l fb2 + h-2x \ . ,f n ^ j\ , 

X / cos I — w 1 smh I V |ai2| — ■y I «w, 

which proves formula (|1.6|) . 

7.2. The Positivity of wa,b- Since Proposition [T] is a special case of 

Theorem [21 and since the matrices A and -B have been given in the special form 
of Assumption 3 in Subsection 16.11 the positivity of wa.b(x) for 61 < a; < 62 
has in principle already been proved by Proposition |6] in Section |6l However, the 
prominence of the positivity problem in the BMV conjecture may justify an ad hoc 
proof for the special case of dimension ?i = 2, which is simpler and possibly also 
more transparent than the general approach in Section [51 

From (fTTj) . ((7J| . (TTSl) . and (fTO)) . it follows that we have only to prove that 



/o := -L / e^^'^^dC 



27ri ./<7i 



-/ cos(6u) sinh {\Ja^ - w^j dw > (7-12) 



with the function g defined in (17.81) . a and b abbreviations for 

a := |ai2| and b := b{x) — , respectively, (7-13) 

02 — Oi 

and C\ a positively oriented integration path in the ring domain C\ [— «a, ia\. 
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Obviously, we have — 1 < b{x) < 1 for 61 < x < 62. The value /q of the integral 
in the second line of (I7.12p depends evenly on the parameter b, and /q is obviously 
positive for 6 = 0. Consequently, we can, without loss of generality, restrict our 
investigation to values of x £ {hi, 62) that correspond to values b € (—1, 0), i.e., we 
have only to pay attention to 61 < a; < (61 + 62)/2. 

For a fixed value x € (61, (61 + 62)72) we now study the behavior of the function 
g from (j7.8p in C\ [—ia, ia\. Because of the convention with respect to the sign 
of the square root in (j7.8p . we have 

g{z) « {l + b)z for z w 00. (7.14) 

The function Img is continuous in C, harmonic in C\ [— i a, ia], we have Im g(z) = 
— Im g{z) for z G C, and 

f < for z € (0, i a] 

lmgiz)=blmiz) \ \ ' (7.15) 

[^ > for z e [-la, 0). 

From (|7.14p . (|7.15p . 1 + 6 > 0, and the harmonicity of Img, we deduce that the set 

{z\ lmg{z) = 0} = MU7 (7.16) 

implicitly defines an analytic Jordan curve 7, which is contained in C\ [—ia, ia]. 
We parameterize this curve by 7 : [0,27r] — > C in such a way that it is positively 
oriented in C and that 



7|(o,.) C { Im(z) > }, 7(0) =: ro > 0, and 7 (27r - t) = 7 (i) for t € [0, w] . 

(7.17) 
From (|7.16p it follows that g is real on 7. Further, we have 

(go-f)' (t) < for te (0,7r). (7.18) 

Indeed, if we set D+ := Ext{j) n { Im(z) > } and £>_ := Int(7) n { Im(z) > }, 
then it follows from ((711| . 1 + 6 > 0, (jTTTSl) . and (TTTC)) that 

, . ( > for z £ D+ 

Imglz) i n r n 

■^^ ^ \ < for z e D^, 

and with the harmonicity of Im g we deduce that 

(^Img)o7(i) < for te(0,7r), 

where d/dn denotes the normal derivative on 7 showing in the direction of D-. 
The inequality in (|7.18p then follows by the Cauchy-Riemann differential equations 
and the fact that g ° ^ — Re g o 7. 

With the Jordan curve 7 and the inequality in (j7.18p we are prepared to prove 
the positivity of the integral Jo in (I7.12p . Using 7 as integration path in the first 
integral in (j7.12p yields that 

(•2-n 



lo^^ I e3°-^^'^i (t) dt = -Im f e9°-'(*)7' (t) dt 
27rz Jo I" Jo 



1 

— Im 



e9°7(t)^ (i)j ^ -llm f {g o 7)' (t) eS°^^'^j (t) dt (7.19) 

L Jo TT 7o ■ 

= -- / (go7)'(t)e''°''(*)lm(7(i))di > 0. 
TT Jo 

Indeed, the second equality in the first line of (|7.19p is a consequence of the sym- 
metry relations (5 o 7) (i) = {g o j) [2n — t) , 7' (i) — —"f'{2-K — t), and 7 (i) = 
7 (27r — t) for t E [0,2tt). The next equality follows from partial integration, and 
the last equality is a consequence of Im7(0) = Im7 (tt) =0 and Im {g o 7) (i) = 
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for t E [0,27r). At last, the inequality in (|7.19p is a consequence of (|7.18p together 
with Im7 (t) > for i e (0, tt). 

With (j7.19p we have verified that wa,b{x) > for all x £ (61,62), which 
completes the proof of Proposition [TJ 

7.3. A Comparison with a Solution in |14j . In [141 Formulae (2.13) 

- (2.16)] an explicit representation for the measure fiA,B has also been proved for 
the case of dimension n — 2. The representation for the density function wa,b in 
|14) differs considerably in its form from representation (jl.6p in Proposition [TJ it 
readqj as 

wa,b{x) = exp I — — 1 Gi2{x) with (7.20) 

Gi2(^) = L-^-^I)y {b2 61)^-1 ' ^i<^<^^' (7-21) 

if we use the terminology from Proposition [T] The representations (|7.2ip and (II. 6p 
have not only a rather different look, they have also been obtained by very different 
approaches. However, they are identical, as will be shown in the next lines. We 
have to show that 

Gi2(x) = ,. \, / "" COS (^-1±^1-^ v\ sinh U\a^2\^-uA du (7.22) 

(62 - Ol j TT Jo V "2 - Ol / V / 

for 61 < a; < 62. 

We use the same abbreviations a and b as in (j7.13p . From 



{-ly^i u^3{a^~u^) 



cos (6 u) sinh ( va^ — u2 ) = > > ■ ,, , , ,, , 



2\k 



and 



'^ u^H^^£Y^^ ^ ^2 u+k) r(j + |)r(fc + i) 

Va2 _ u2 ij + ky. 

,,^,, (2,)!(2fc)! 

2^u+k){j + ky.f.k\ 

we deduce that 

cos (6 u) sinh I \/a'^ ~ u'^j du = 

4-U+k) 



= -EE(-i)''^''«^ 



2 ij+k) _ 



j=.« (i + *0!i!»-l)! 



n=l ^ ' j=0 -^ ^ -^ ' 



1- b- 

4 ^^ n!(n- 1)! V 4 



Try. |ai2p" {b2~xy'-\x-brY-^ 
4 ^ n!(n-l)! (62 - 6i)2("-i) 



Formula (2.15) of 1141 . which is here reproduced as 117.2111 . contains a misprint in the expo- 
nent of its denominator, erroneously there is written 2n + 1 instead of 2n — 1, but the correction 
can easily be verified by following the derivation starting from (2.11) in I14| . 
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The last equality in (|7.23p follows from 



2> 



l^_^2x 1 L fb2 + bi-2xY\ _ ib2-x){x-bi) 



4' ' 4 \^ \ b2-bi J J (&2-6i)2 ■ 

With ([T:^ identity (TTI^ is proved. 
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